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Abstract

This thesis contains the Hamiltonian formulation of a chain of identical rigid bodies with
nearest neighbour interaction and presents numerical results for the corresponding dynamics
based on a symplectic algorithm. The (finite) rotation of rigid bodies has been described
using the matrix representation as well as unit quaternion based representation of the special
rotation group. In both representations, the accompanying rigid body constraints, which are
holonomic, have been incorporated through Lagrange multipliers. For example this has been
done to capture the unit quaternion constraint. The (constrained) Hamiltons equations have
been solved using some existing symplectic algorithms. The numerical algorithms for the

constrained problem conserve its symplectic structure.
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Chapter 1

Introduction

1.1 Introduction of rigid body dynamics

Rigid body dynamics find application in wide variety of fields, e.g., robotics, Biomechanics,
Granular mechanics, Gaming Industries, Aerospace engineering etc. In almost all the appli-
cations, system is considered to be made up of finite number of rigid bodies attached to each

other through some interaction.

In robotics, a skeleton is modeled as multi-rigid-bodies system in which rigid bodies are linked
to each other through hinge or ball and socket type links. Six-degree freedom manipulators

[4] are used to solve the system.

FIGURE 1.1: Constraining rigid bodies in a chain [1]

Using rigid body dynamics algorithms, robot actuator models provide handy tool for handling

and analyzing simulation data.
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FIGURE 1.2: Schematic diagram of a simple graphitic molecular bearing [2]

One of the recent use of rigid body dynamics includes its application in studying dynamical
properties of nanosystems. Simulation of molecular bearings, joints, gears have been done
using rigid body dynamics algorithms. These algorithms are found to be very efficient [2],
making longer time simulation possible. Figure 1.2 shows graphitic molecular bearing being

modeled as pair of nested carbon nanotubes.

In Biomechanics, human body structures are studied by modeling them as chain of rigid
bodies, e.g., treatments of inter vertebral disk-degeneration [5] is based on rigid body dy-
namics. Several rigid body based modeling has been been done for chemical compounds,

biomolecules such as DNA etc.

With the advent of fast computers, many visualization softwares, based on rigid body dy-
namics have come up, offering powerful tool for the analysis. Most of the gaming softwares
are based on rigid body dynamics using quaternion as rotation parameters. Fast algorithms

used in these softwares provide excellent virtual reality platform.

1.2 Literature survey

In rigid body dynamics, several ways of rotation parameterization[6] are used. We get
different representation of the equation of motion depending on which parameterization is
used. Use of Fuler’s angles to represent rotation comes with the disadvantage of singularity
involved in the representation and hence is not the popular choice to study the dynamics
of rigid bodies. In this thesis, we use Rotation matriz scheme ([7],[8]) and Quaternion as

rotation parameters. Quaternion were proposed long back due to Hamilton [9], but use
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of quaternions for studying dynamics of the rigid body was proposed due to Goldstein et
al.,[10]. Advantage of using quaternion over traditional methods mainly Euler’s angle is
that it is singularity free. Also, in contrast to Euler’s angle parameterization, which involve
trigonometric entities, equation of motion in terms of quaternion turn out to be consisting
of algebraic entities which are easier to be solved numerically. One of the disadvantage of

using Quaternion is that its length must be kept unity.

Algorithms have been proposed to solve constrained Hamiltonian system (due to unit quater-
nion constraint), but upto 1%¢ order only. Higher order numerical schemes respecting the unit
quaternion constraint are yet to be derived. Several authors ([11],[12],[13]) have studied equa-
tion of motion for a single rigid body in terms of Quaternion, but the dynamics of chain of

rigid bodies of arbitrary shape has not been discussed.

We address the motion of rigid bodies in chain in Hamiltonian formalism in detail. One of the
particular focus in this thesis is the use of augmented angular velocity and augmented inertia
matrix in the derivation of invertible Rotational mass matriz. Use of augmented matrices
is common practice in mechanics based on Quaternion algebra. However, derivation of the
particular choice of these augmented matrices in absent in the literature. We explain the

importance of having invertible rotational mass matrix and show that it is unique.

When Hamilton’s equations of dynamical systems are solved numerically using standard ODE
solvers, e.g., ode45, Matlab(adaptive runge kutta method), Hamiltonian of the system
blows up in the long time run. This motivate us to use Symplectic schemes([14],[15],[16]) for
solving Hamilton’s equations numerically. In order to force the unit quaternion constraints,
standard projection techniques and null-space methods are discussed in the literature. How-
ever, using such techniques may destroy the symplectic structure of the system and hence
should be used cautiously. Symplectic algorithms for solving multibody system has been
addressed([17],[18],[19],[20]). However, the order of discretization discussed is upto 2"¢ order

only.



Chapter 2

Numerical experiment

In this chapter, we give emphasis on importance of using symplectic algorithms([15],[21],[22],[16]).
Instead of going into derivation of equations, we discuss the advantage of symplectic algo-
rithms over non-symplectic schemes by means of plots. Each of the example discussed show

different advantages of symplectic algorithms.

2.1 Simple harmonic motion

Hamiltonian for this system is given by,

This system is solved for k = 4N/m, m = lmeter, initial conditions, ¢(0) = 0 andp(0) = 2,

step size h = .01 and tolerance 10~!° . Exact solution of system is,
q =sin(2t), p = 2cos(2t).

We solve the system using both non-symplectic and symplectic schemes and compare the
Hamiltonian for them with the exact solution. The step size and tolerance remain same for

all the discussed algorithms.



Chapter 2. Numerical experiment 5

Explicit Euler * numerical Euler A
15 | | ——exact 2.05

1 1 1 L 1 A 1 1 L L
00 10 20 30 40 50 950 10 20 30 40 50
t t
Implicit Euler Stormer verlet
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2
I I 2
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. . ! ! 1.995 ; ! ! :
00 10 20 30 40 50 0 10 20 30 40 50
t t
Runge kutta 4 Gauss 6
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FIGURE 2.1: Hamiltonian (in J) vs time(in sec.)

In the Figure (2.1), plots on left hand side are solutions of non-symplectic schemes, while

that on the right side are solutions of symplectic schemes.

Ezxplicit-Euler and FEuler-A are both the first order algorithms, but in the first case Hamil-
tonian blows up while in the later case, it remain bounded. For the non-symplectic Implicit
FEuler, Hamiltonian dies out and it again remain bounded in second order symplectic Stormer-
Verlet scheme. We also observe that the amplitude of oscillation of Hamiltonian is smaller

than that in Fuler-A.

Fourth order Runge-kutta seems to conserve the Hamiltonian to a good extent, but Hamil-
tonian is still declining in comparison to sixth order symplectic Gauss6 scheme. Significant
variation in Hamiltonian can be observed while using Runge-kutta scheme, when simulation

is done for long time (section 2.4).



Chapter 2. Numerical experiment 6

We conclude from above discussion that, for same step size and tolerance, symplectic schemes
are a better numerical approach than non-symplectic schemes. Also, as the order of sym-

plectic scheme increases, amplitude of variation in Hamiltonian decreases.

2.2 Non-linear pendulum

In order to emphasize on phase space conserving properties of symplectic algorithms, we
reproduce here the phase plots for non-linear pendulum, discussed in Hairer, pg314 [3].

Hamiltonian of the system is

We compare two schemes,

(a) Implicit Radau, non-symplectic scheme of order 3,

(b) Implicit Midpoint, symplectic scheme of order 2,

for initial conditions py = 0, gy = — cos~!(—.8) and step size h = .3.

Implicit midpoint

T
d
RadaullA 3" order h=.3, 12000 steps |

h=.3, 12000steps

o Initial |
o final |

o Iniial |
o final

. I
-2 R

oo
N}
[

|
o

|
ok

|

oo
[N
w

FIGURE 2.2: p vs q, RadaullA FIGURE 2.3: p vs q, Implicit midpoint

We see from the above phase plots that symplectic methods conserve phase space, while
non-symplectic do not. Also, the solution for non-symplectic implicit scheme is dying to zero

and would blow up for any non-symplectic explicit scheme.

Energy conserving property of symplectic is clearly seen in plot (2.5). While the Hamiltonian

remains bounded in Implicit-Midpoint scheme, it keeps decreasing in Radau method.
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1 T

RadaullA 3° order

h=.3, 12000steps

0.815f

T 081

Implicit midpoint
h=.3, 12000 steps

0.8

"0 500 1000 1500 2000 2500 3000 3500 0 500 1000 1500 . 2000 2500 3000 3500
t

FIGURE 2.4: Hamiltonian(in J) wvs FIGURE 2.5: Hamiltonian(in J) wvs
time(in sec.), RadaullA time(in sec.), Implicit midpoint

2.3 Kepler’s problem

We now analyze here Kepler’s problem as another example of highlighting advantage of
symplectic schemes over non-symplectic methods. For computing motion of two bodies,
which attract each other, one body is assumed to be center. Coordinates of other body is

given by ¢ = (q1,¢2). Hamiltonian for this system is,

1
Hzi( 2+ p3) —

1
NCEY 2

This system has been solved for initial conditions

1+4+e
1_€7q1(0):1_87 QQ(O):Oa

€= '67 pl(o) = 07 pQ(O) =
and compared with exact solution

(1 —e?)cost

0lt) = —t
)
(

1+ ecos
(1 —e?)sint

R —
1+ ecos (t — t*)

g(t) =

q1 vs g2 (Numerical and exact solution)

We see from figure 2.6 and figure 2.7 that, even for step size 100 times higher than Ezplicit
Euler, symplectic Fuler-A scheme provides more accurate solution. The only disadvantage of

Euler-A is that, it is a implicit scheme which involves solving nonlinear equations. However,
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T
h =.0005,
400,000 steps

— Explicit Euler]
- Exact

4000 steps

o
2]

1. T T T "
- —Symplectic Euler
h=05 Exact

F1GURE 2.6: Explicit euler FIGURE 2.7: Symplectic Euler

we find the computation time' for Explicit Euler to be 51.01 sec., while that for Fuler-A is

13.71 sec. This demonstrate that symplectic schemes save computation time.

L h=.05 ! ! ! — Stormer-Verlet] 0 h=.05 + Gauss6
4000 StepS - Exact 674000 StepS — Exact |

0.5

-0.51

FIGURE 2.8: Stormer-verlet FIGURE 2.9: Gauss6

As we increase the order of symplectic scheme, we get more and more accurate solution.
Computation time for Stormer- Verlet scheme (figure 2.8) scheme and Gauss6 schemes (figure
2.9) are 7.26 sec. and 34.09 sec respectively. So, we see from figure 2.6 and figure 2.9 that,
sixth order symplectic Gauss6 scheme give much more accurate solution than Faplicit- Euler

method in lesser computational time.

2.4 Galactic orbit

We discuss here the example of Galactic orbit to demonstrate the Hamiltonian conserving
properties of symplectic schemes in long run simulations. We also compare our results with

solution given in Hairer, pg322[3].

!Computation done on a 8 core machine with “Intel(R) Xenon cpu ES420 @2.5GHz processor
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Hamiltonian for this system is given by

1 5 2 2 Q% q% Q§
H=§(p1+p2+pg)+ﬂ(p1qz—pqu)-l-Alog C‘Jr?-l-b—Q-l—c—2 ,

where, (p;, ¢i)i=1,23 are conjugate pairs. Parameters and initial values are

a=125b=1c=.5A=1C=1,Q =025,
01(0) = 2.5, g2(0) = 0, g3(0) = 0, p1(0) = 0, p2(0) = 1.688, p3(0) = .2
Hairer [3] , has discussed Poincare section with the half-plane ¢2 = 0, g1 > 0, g2 > 0, for

0 <t < 105, Number of points captured by such section has been compared with results

given in [3].

item method order h  points (Hairer) points (Calculated)

a) Gauss 6 1/5 47093 47082
b)  Gauss 6  2/5 46852 46897
c) Radau 5 1/10 46597 46594
d)  Sungeng 5 1/5 47092 47085
e)  RK4 4 1/40 47004 47003
f)  RKA4 4 1/10 46192 46190

TABLE 2.1: No. of points captured in Poincare section

g) RK44, h = 1/40 |49,

=

L L L L 1 " 1 " L 1
1'§0.3 -02 -01 0 0.1 0.2 03 -3 .0 3

FIGURE 2.10: Poincare section, Calculated (left) and Hairer[3] (right)
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Table 2.1 and figure 2.10 show good agreement of our work with published results and hence

show our correct implementation of the algorithms. Figure 2.11 clearly shows the advantage

2.2

—— Gauss6
- RK4

e ——,— h=0.4

o~ 80,000 steps
1.61 \ b
ES
14 \ i

\\
1.2 H : \\\ ,
\\.
~..
1 \\\ 4
~..

I I I I I -

0'80 0.5 1 1.5 2 2.5 3.2

x 10*

FIGURE 2.11: Hamiltonian(in J) vs time(in sec.) comparison for RK4 and Gauss6

of symplectic Gaussé over non-symplectic RK/ in terms of conserving Hamiltonian. Gen-
erally difference between Gauss6 and RKJ is not significant in small run or for very small
step size, but this simulation for step size h = 0.4 and 80,000 steps distinguishes between
two schemes. Difference is more and more pronounced as we increases the step size and/or

number of steps.

2.5 Symmetric top

In this section, we derive in detail, motion of symmetric body using concept of Euler’s
angle. In the later part of this section, we demonstrate the symmetric body problem using
quaternion and rotation matrix scheme of rotation representation. Figure 2.12 represents
schematic of a symmetric body and its orientation in terms of Euler’s angle. XYZ is the
inertial frame and xyz is the body fixed frame. ZYZ scheme is followed and corresponding

rotation matrices (frame rotation) are :

costY  siny 0 cosf 0 —sinf cosgp sing 0
R.(¢) = | —siny cosyp 0 |, Ry(d) = 0 1 0 , R.(¢)=| —sing cos¢ 0
0 0 1 sind 0 cosf 0 0 1
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FIGURE 2.12: Symmetric body and its axes

So, rotation matrix for the conversion of a vector from XYZ frame to body fixed frame xyz

is

cos 6 cos ¢ cos P — sin ¢ sin ¢ cos 6 cos ¢ sin 1 + sin ¢ cos Y —cos ¢sinf
R =R.(0)Ry(O)R.(V) = | —cosfcospsiny —cospsiny — cosfsinpsini + cosdpcostp sin ¢sin O
sin 6 cos ¢ sin € sin ¥ cos

Angular velocity in body fixed frame xyz is given by,

0 0 0
w=R +R(®) | 6| +] 0
(0 0 )

0 cos ¢ — 1 sin B cos ¢
w= | fcos¢p+)sinfsin¢ (2.1)
é+ 1 cosh
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For using Euler’s equation, we need to find torque acting on body in body fixed frame.

0 mg cos ¢ sin 6
F=R 0 = | —mgsin¢sinf
—mg —mg cos 6

So, the torque in body fixed frame is T = r,,, X F.

Tem = (0,0,0)7

Therefore, torque is
mgl sin ¢ sin 0
T = | mglcospsinf
0

Let I, I and I3 be moment of inertia along principle axis of the top. Using Fuler’s

equation for motion,

dwy

L yr + (I3 — Ir)wyw, = mglsin @ sin ¢ (2.2)
dwy .
Igﬁ + (I — I3)wyw, = mglsin O cos ¢ (2.3)
dw,
Iy~ + (I = I )wswy = 0 (2.4)

We solve Euler’s equation for symmetric bodies, i.e., for Iy = I = I. Thus, we see from

equation (2.4) that w, remains constant. Substituting angular velocity from (2.1)in (2.2)

and (2.3),
ésin¢+9¢cos¢—ﬁsin@cosgﬁ—lbécosﬁcosgb
+phsin fsin ¢ + w, ({; — 1) (écos¢+1/}sinesind)) = M (2.5)
6 cos ¢ — O¢psin ¢ + 1) sin O sin ¢ + 10 cos 0 sin ¢

I3 mgl sin 0 cos ¢

+9psin b cos ¢ — w, <I — 1> (Osin ¢ — ¢hsinf cos p) = — (2.6)
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(2.5)x sin¢ + (2.6)x cos ¢ gives,
é:”ﬂbgllsme—wsine—(?q)zbsme. (2.7)
And (2.5)x cos ¢ -(2.6) x sin ¢ gives,
. I(06 — 0 cos ) + (I3 — )8
G 106 —bheost) + (1~ i (2.8)

Isinf

Second order differential equations are reduced to first order by introducing variables 0 =n,

¥ = ny and ¢ = ns. Six first order ODEs to be solved are,

Isin @ I

ng = m—ng(wz—ngcose)sirﬂ— B9
I I

. Ing(w, —2ngcosf) + (I3 — I)ng

nz = :

Isiné

n3 = ningsinf

é = ni

b=

¢ = w.—ngcosb

> T Sin 0

Equations above are solved using Gauss method of order 6 for following initial conditions

mass = 1.5kg l=1.33m

step size h =.005 tolerance = 10710

0 = 45° 0=1/s""
W =1° Yp=1/s""
¢ =1° ¢ =100/s7"

Figure 2.13 represents motion of center of mass of the symmetric

top as function of time

t. Projection of this motion in zy plane in the figure 2.14 shows oscillatory behavior of the

motion of the top.
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0.98

0.97

0.96

0.95

0.94

0.93
1

FIGURE 2.13: 3D coordinate of centre of FIGURE 2.14: X-Y coordinate of centre
mass of mass
Some quaternion based, certain properties conserving algorithms have been developed, e.g.,
energy-angular momentum conserving scheme QUAT-EM has been proposed due to Betsch
et.al,2009 [12]. Without going into detail of the equations, we show here plots for the motion

of symmetric top under gravity for QUAT-EM scheme.

0.08

0.06

0.04

—0.02

—0.04

—0.06

—0.08 I I I I I ! I I
o 20 40 60 80 100 120 140 160 180 200
t

FIGURE 2.15: Coordinates of center of mass of top vs time(in sec.)

Figure 2.15 shows the center of mass coordinates of symmetric top as function of time.

Similar to the figure 2.14, periodic behavior of the motion is clear from the plot here.

J1, J2 and Js3 in the figure 2.16 represent angular momentum of the symmetric top in z, y
and z directions respectively. As concluded from equation 2.4, Js should remain constant.
Figure 2.16 clearly shows the conservation of angular momentum J3. Figure 2.17 depicts

that QUAT-EM algorithm successfully conserve the Hamiltonian.
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kgm?s~1) vs time(in sec.)

—Hamiltonian
° Kinetic energy
- - Potential energy

FIGURE 2.17: Hamiltonian of the top(in
J) vs time (in sec.)

A rotation matrix based energy conserving Rattle algorithm (second order, symplectic)was

proposed due to Leimkuhler, pg.207 [7]. Algorithm as been discussed in detail in Appendix

B. We reproduce here plots for symmetric plot discussed in Leimkuhler, pg.210 [7]. Figure

2.18 represent z coordinate of center of mass of the symmetric top. Figure 2.19 shows error

in the Hamiltonian of the system which is quite small.

0.8

0.6

0.4

0.2

0 20 40 60 80

! I I I
100 120 140 160
t

FIGURE 2.18: z coordinate of com
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Chapter 3

Dynamics of three dimensional

chain

In this chapter, we study the motion of a chain consisting of rigid bodies of arbitrary shape
in three dimensional space. In the section 3.2, we represent rotation of the rigid bodies using
rotation matrix. In this representation, we solve the system of equations using second order
symplectic Rattle algorithm (see Appendix B). In the section 3.3, we represent rotation of the
rigid bodies using quaternions. We derive the rotational mass matrix in subsection 3.3.1 and
prove that it is unique. We incorporate unit quaternion constraint in the Hamiltonian and
derive the expression for Lagrangian multiplier in subsection 3.3.8. We show in the section
3.4 that standard symplectic algorithms remain symplectic even after addition of expression

for unit quaternion constraint in the Hamiltonian.

Z
/J\ Stationary frame
!
_L_ Body fixed frame
"""" Interaction between two bodies
X Y

FIGURE 3.1: three dimensional chain of rigid bodies

16
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In the figure 3.1, we represent schematic of the three dimensional chain consisting of (N+2)
rigid bodies. Indexing of the bodies start from 0 to N+1. In the schematic, boundary
condition is clamped-clamped, but we solve the chain problem for more realistic boundary

conditions discussed in section 3.3.7.

We assume that rigid bodies are made up of certain number of particles attached to each
other through rigid links. In the next section, we derive the moment of inertia of such rigid

bodies along its principal axes.

3.1 Rigid body

777777777 Rigid link
. Centre of mass

Particle

FiGURE 3.2: Configuration of particles in a rigid body

It is assumed that rigid body consist of n, number of particle attached to each other through
rigid links. Let r¥ and m¥ denote the position vector in coordinate frame {e;} and mass of
Eth particle of i*" body respectively. Our aim is to find body fixed coordinate frame with
axises at principal axis. We also find position of k*" particle with respect to this body fixed

frame.

Let r; and m; denote center of mass of it" body in {e;} frame.

np k..k Np k..k
- Doy MG _ D ohel MY
- np ko . :
Zkzl m; m;

r;
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For now, we consider a body fixed frame with origin at center of mass of the body and having

same orientation as frame {e;}. In this body fixed frame, component of inertia matrix are,

In = imf{[(rf — 1) - ea)’ + [(x) — i) - es]?},
. émﬁ{[(r? e e 4 [~ x)-esf?),
Is3 = imf{[(rf — 1) - er]’ + [(xf — ;) - ea]?},
Ly = —imf{[(rf —1;) - e1][(rf — i) - ea]},
Iy - —immﬁ el — ) sl
Iy = —imf{[(rf — ;) - ea][(xf — ;) - es]}

Principal directions Because moment of inertia tensor is a symmetric matrix, it is always

possible to diagonalize this matrix.

We relocate position of each particle of the body in the principal coordinate frame (deter-
mined from the procedure above). In order to avoid introducing new notation, from now

onwards, rf denote position of k" particle of i*" body in principal coordinate frame.

We now study the dynamics of three dimensional chain using rotation matrix scheme in

which rotation of rigid bodies are represented using 3x3 rotation matrices.

3.2 Hamiltonian formulation using rotation matrix

Let {eg}i:u,g denote basis of body fixed frame of j** body. Let {€i}i=1,23 be the basis of
inertial frame. We assume that each rigid body consist of n, number of particles linked to
each other through massless rigid links. Let rf denote the coordinate of k" particle of j"

body in body fixed frame with origin at center of mass. Let r; denote the position vector of
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center of mass of j** body in stationary frame. Let R;(t) € SO(3) be the rotation matrix
relating basis {eg} to {e;} as,

{e]} = Ry(t){ei}-
Dynamics of the chain is completely determined by position of center of mass of rigid bodies
ri:R—R> tr;),
and orientation of rigid bodies
R;:R — S0O(3), t— Rj(t),

where, 7 =0,1,2,..., N + 1.

So, the configuration space of the system is:
C = {R3 x R®...N42 times x SO(3) x SO(3)...N+2 times}.

In order to write Hamiltonian of the system, we derive expression for total kinetic energy
and total potential energy of the system. Let m; denote the mass of 4 rigid body and [J]/
denote principal moment of inertia matrix. Velocity of k" particle of j** body in inertial
frame is,

i+ R] (t)rk.

Therefore, kinetic energy of j** body is ,
1 1
o= 3y mlliyl + e (R VR ().
k=1

In expression above, the first term represent translational kinetic energy of the body, Tt{,ans

and second term denotes rotational kinetic energy, Tgot.

Let the interaction potential be depending on relative distance between two bodies and their
relative orientation. Let us assume nearest neighbor interaction. Then, the general form of

potential energy contribution from the pair, i** and j** body is
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So, Lagrangian of the system is,
N+1 ' N
L= AT R(1) + Thpns ()} = D Vi1 (R, Ry, 15,1541, (32)
j=0 j=0

Using Legendre transformation, conjugate rotational momenta P, and translational mo-

menta p; are calculated as,

p. = 25 Ry 3.3
- e
oL .

Kinetic energy of the system in terms of conjugate momenta is,

N+1 12
> {;tr (P;[J]7'PF) + ”;Jnl } (3.5)
=0

Hamiltonian of the system is given by

phay S| Ipil12 | ©
o= {“" (PJ[J]_IPJT)JF2,7]1.}+ZV},J’H(Rj,Rﬂl,PJ,PJH)-
J =0

3.2.1 Constraints

Leimkuhler and Reich [7] and Betsch et. al.,[8] have discussed the constraints to be put
on the rotation matrix R;(t) and the conjugate momenta P;(t). Matrix R;(¢) represent

rotation matrix iff it satisfy the orthogonality condition
RjRjT = ngg and RjTRj = ngg.

Because RjRjT is a symmetric matrix, there are six independent constraints on R;(¢). This
should be expected as we are using 9 variables (3x 3 matrix) to represent the rotation in R3.

In order to enforce orthogonality condition constraint, Leimkuhler and Reich [7] introduced
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six Lagrange multipliers through a symmetric matrix A7. So, Hamiltonian of the system is

modified by adding the term
N+1

> u{(R;R;T — )AT}. (3.6)
§=0

Constraint on conjugate momenta is obtained by differentiating above equation with respect

to time and using (3.4),

— | — |
R/P;[J  +[J) P;/R;=0. (3.7)

3.2.2 Hamilton’s equations

Hamiltonian of the system, after adding the term 3.6 is,

N+1 N+1
[Ip;I? :
H = Z { JIT'PT) + 27;] +ZV]+1 R;j,Rji1,15,1j41) +]§% tr{(R;R; T —I)A7}.
(3.8)

Phase space of this Hamiltonian system is:

.1 .1
P={(r;,p;,R;.Pj)j=01,..v41 € M:RIR; = L, R P;[J)  +[J) P;"R; =0},

where,

M= {]R3 x R3...2N+4 times X SO(3) x SO(3)...2N+4 times}.

Using Hamilton’s equations,

dP; O dR; 90 dp;  OA dr; OHX (3.9)
dt N (9]:_{]'7 dt _8Pj’ dt N ar]” dt N apj' )

Therefore, Hamilton’s equations on phase space P are,

% = —éij(‘/}—l,jJer,jH), (3.10a)
% _ 75)1]] (3.10b)
T = Vit Vi) — 2R (3.100)
daRr; _ PP (3.10d)

dt
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Above equations are valid for j = 1 to 5 = N. Equations for 0" and (N + 1) body are

taken care of in boundary conditions.

3.2.3 Gradient of Potential

In this subsection, we derive the gradient of potential with respect to rotation matrix R;
and with respect to position vector r;. We assume, the interaction to be of particle-particle
type. In that case potential energy contribution from k" particle of i** body and I** particle

of jth body is the function of distance rf ’jl between them, given by

{2 = i+ RITH) — (0; + R} - {(rs + RTeF) — (r; + RTrh))

l.

= ri'ri+2ri'R¢TTf+r§'r§+rj'rj+2rj'RjTré‘+r§"rJ

—2(r;-rj+r;- R]Tré- +r; RIF + RIrE R]Tré) (3.11)

So, the contribution to potential energy from the pair i*” and j** body is given by
Np  Tp
il Kl
Vig =22 Vi (i) (3.12)

k=1 1=1

Using above equation and chain rule,we rewrite Hamilton’s equations (3.13a)-(3.13d) on

phase space P in terms of the potential gradients as

np Np

dp; K,
dTJ = =2 D> A7+ Ry o —RE ) (3.13a)
k=1 =1
k,l
+Aj,j+1{rj + RJTI'?: —Ij+1 — Rf+1r§'+1},
- = == 3.13b
dt mj’ ( )
dP; N ki 1T T KT
— = 2 AT~ - TR ) (3.13¢)
k=1 =1
k,l .
+AT ] — el - e R ) - 2Ry,
dR; o
=1 = Py, (3.13d)

dt
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where,
k.l
Vit 1

kil kl°
Orplq Tplg

El _
Apvq -

3.2.4 Boundary condition

We consider 3 possible set of boundary conditions, ¢; — ¢1, ¢; — ¢o and ¢; — c3, which have

been described below.

1. ¢1 — ¢1: In this case, both ends are clamped. Hence, coordinates of 0" and (N + l)th

body remain same for all time.

ro(t) =10(0),  Ro(t) = Ro(0),
ry+1(t) =rn41(0),  Ryga(t) = Ry41(0),
Po(t) = 03x1,  Po(t) = O3x3,
pPr+1(t) = 03x1,  Pnya(t) = O3x3.
Equations (3.13a)-(3.13d) are solved for j =1,2,3,... N.

2. ¢1 — c9: In this case, one end is clamped and force is applied at other end, but this end

is free to rotate. So, for 0 body,

Let the applied constant force be F. Then work done on the system is,

Wrp=—F -rni1.
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We add this work #f to the Hamiltonian of the system (3.8) and using Hamilton’s

equations (3.13a)-(3.13d), we get equations for (N + 1)** body as,

n n
dpN+1 LA
dt+ - _ZZAJ\},NH{I'NH +R%+1rﬂv+1 —ry —R%F?V}+F,
k=1 =1
dryyi PN+
dt mN+1’
dP "p  M'p
N+1 kil
dt - Z Z AN7N+1I'§V+1{I'%+1 —ry — N Ry} — 2Ry AN
k=1 =1
R+ -
o = Pl

Equations for j = 1,2,... N remain same as in (3.13a)-(3.13d).

3. ¢1 — c3: In this case, one end is clamped and constant displacement d is specified at

other end, but this end is free to rotate. So, the boundary conditions are

ro(t) =10(0),  Ro(t) = Ro(0),
po(t) = 03x1,  Po(t) = 03x3,

ryy1(t) =d, PN+1(t) = 03x1.

Because the position of (N 4 1) body is given as constant displacement d, ¥x41 = 0

and py41 = 0. Therefore, using (3.13a)-(3.13d), equations for (N + 1) body are

dpN+1 — 0
dt 3x1,
dI‘N+1
- 03><1>
dt
JdP np Mp
cé\thr]L -7 Z Z A?\}fNHr?VH{dT —ry —r Ry} — 2Ry AV,
k=1 I1=1
dRN+1 N+1—1
WAL p JIVHL
b N+1(J]

Equations for j = 1,2,... N remain same as in (3.13a)-(3.13d).
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Rotation matrix based symplectic schemes have been proposed due to Leimkuhler and Sebas-
tian [7]. We have extended this idea to multibody problem and have proposed Hamiltonian
formulation for three dimensional chain. Numerical schemes base on rotation matrix have
been proposed due to Leimkuhler [7] and Shuichi[23]. Appendix B discuss Rattle [7] algo-
rithm in detail. Because this representation has larger configuration space than quaternion
representation, we will be using quaternion based schemes to solve the system numerically.
However, rotation matrix scheme is still better than Euler’s angle scheme as it does not

involve any singularity and hence should be given preference over Fuler’s angle scheme.

As discussed earlier, quaternion schemes have advantage over rotation matrix scheme because
of lesser dimensional configuration space. We develop a quaternion based scheme for studying

dynamics of three dimensional chain.

3.3 Hamiltonian formulation using quaternion

Let {eg}i:m,g denote basis of body fixed frame of j** body. Let {€i}i=1,23 be the basis of
inertial frame. Let r; denote the position vector of center of mass of 7" body in stationary
frame. Motion of three dimensional chain consisting of (N + 2) number of rigid bodies is

completely determined by coordinate of center of mass of rigid bodies
rj:R— Rt r(t),
and set of unit quaternions
g; : R — g3 — OBIIH(O) — H, t— q;t),

where, j = 0,1,2,...,N + 2, and the set of unit quaternions $3 = 9B (0) = {qg; € H :

lla)| = 1} € H, is a subgroup of the multiplicative quaternion group H.

Configuration space of the system is:

C:{R3XR3...N+2times x H x H...N+2 times}.
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For the quaternion q; = {g;0, ¢j.1, ¢j2, ¢j3}" € {R* = H}, rotation matrix R(qg;) is given
by Euler map
R:H-— 50(3), q; — R(Qj),

where,

2070 +2¢7, — 1 2051052 — 205003 205105,3 + 2050052
Rlaj) = | 2g1052 + 2050053 2050 + 2452 — 1 2450053 — 2450051 | - (3.14)

2053051 — 2050052 2053052 + 2050051 2450+ 2475 — 1
We have derived this Euler map in Appendix A.

In order to write Hamiltonian of the system, we derive total kinetic energy and total potential
energy of the system in terms of quaternions. Translational kinetic energy is independent of

quaternion and is given by

2
Tj _ Pj

trans —

) 3.15
Qmj ( )

where, p; and m; are linear momentum and mass of 4t body respectively.
We have derived angular velocity of a rotating body in terms of quaternions in Appendix A.
Angular velocity w? of j** body depends on both, the quaternion q; and its time derivative qj;.

Therefore, rotational mass matrix, unlike translational mass matrix, will not be a constant

and hence need special mention.

3.3.1 Rotational mass matrix

Rotation kinetic energy of j* rigid body is given by

TP,

1 .
— )
2w

where w’ is the angular velocity of the j*" body in body fixed frame and [J])7 is the principal

moment of inertia matrix. Angular velocity w’ from (A.12) is
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—4j1 d5,0 45,3
w? = 2G(q;)d;, G(ay) = —qj2 —493 450

43 42 451

Substituting w’ in kinetic energy,
o = 2415 Glaiy) ' [J) Gl

Using Legendre transformation, conjugate momenta g; is given by

g = %T-T]‘?t
4

= 4G(ay)" [TV G(ay)d;-

—dqj,2
qj1

q;,0

From the construction of G(q;), we see that G(q;)q; = 0. Thus there is rank deficiency in

the matrix G(a;)7[J)?G(q;) and hence, is non-invertible. Therefore, we cannot get dj; in

terms of g;.

Lemma 1. In order to get ; in terms of g;, augmented matrices w(q;, ), é(qj) and [:7]]

are introduced such that

&(aj,dy) = [0 W' = 2G(a))axaldyy],

45,0 q;,1 q;,2 q;,3
—4qj,1 45,0 4;5,3 45,2

492 —493 450 45,1

| 93 Gz —91 450

, (3.16)
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and ) )
1 0 0 0
. 0 J 0 0
) = .
0 0 JJ 0
0 0 0 Jj

Proof: Appendix C
So, the rotational kinetic energy in terms of augmented matrices is,
j T.p )
Tt = 55 mlay)dy,

where,
() = 4G (a;) " [JP G(a;).

denotes the rotational mass matrix.

(3.17)

(3.18)

We have derived the rotational mass matrix which is invertible and have show that it is

unique. This mass matrix is the function of quaternion q; as expected from the form of

angular velocity w.

Using this invertible mass matrix, we derive the rotational kinetic energy in terms conjugate

momenta.

3.3.2 Rotational kinetic energy

From above subsection,

. 1.,
Tlor = 515 1)1
We obtain the conjugate momenta by legendre transform,

8Jﬂrot

8i = 5q = p(aj)dy.

Using [G/(a;) " = G(a)7],

iy = pHay)g;),
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where,

pHay) = 2 Glay) T[] G (). (3.19)

So, the rotational kinetic energy in terms of conjugate momenta is
- L S D
rot = 5&j M (a1);-

By structure of G(qj) from equation C.3, we see that

G(aj)g; = —G(gj)a- (3.20)
Hence,
J 1 T -1 1 T -1
Lot = 585 1™ (5)g; = 5a5 1™ (8))u;. (3.21)

Above equations is useful when we differentiate the Hamiltonian with quaternion q;.

3.3.3 Potential energy

Our system consists of (N42) bodies, indexing from 0 to N+1. We assume that j*" body
interact with its nearest neighbors, i.e., with (j — 1) body and (j + 1)* body. It is also
assumed that potential energy depends on relative position of center of mass of the bodies

and their relative orientation. So, the general form of potential energy of the system is given

by
N

V=> Vi, Vij=Vij(aj ajs1,15,1501). (3.22)
j=0

3.3.4 Constraints

Unit quaternion constraint is incorporated in Hamiltonian by adding the term,

N

S Mol gy - 1), (3.23)
j=1

where, A; is the Lagrangian multiplier corresponding to 4% body. Because quaternion (vector

in R*) represents rotation in R3, there is only one constraint equation. We derive the
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constraint on conjugate momenta g;

in the subsection 3.3.8.

We, now have total kinetic energy , total potential energy and constraints on the system. So,

we derive the Hamilton’s equation for the three dimensional chain in terms of quaternions.

3.3.5 Hamiltonian

Hamiltonian of the system is :

H =H(P1y- s PnsTls - Ty EBly - Bny iy - - - Un )- (3.24)

Phase space coordinates (g;,d;);j=0,1,...N+1 lie on the manifold,

P = {(gj,q]')j:()J’._N_;,_l €H x H...2N+4 times : q?qj =1, q?gj = 0}. (3.25)

We suppress argument of Hamiltonian from now onwards.

N+l N+1 52 N N+1
H= inglu’il(Qj)gj +> ﬁ ) Vi ety rin) + Y A(al g5 — 1),
Jj=0 j=0 J =0 §=0
(3.26)
Using Hamilton’s equations,
dgj _ _0H du; _OH dp; _OA dr; OA (3.27)

dt_ &qj’dt_ﬁgj’dt_iarj’dt_ﬁpj'
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Therefore, Hamilton’s equations on the phase space P are

dpj 6

- = *afrj{‘/jfl,j(%*laQjarjfl,rj)+Vj,j+1(qawqj‘+1arjarj+1)}, (3.28a)

% _ ZJJ (3.28b)

%%? = —4¢‘1(eu)¢h'—-££;j{V31J(¢U17¢U’le,rj) (3.28¢)
+Vjjr1(ay, g1, 15, 15401) F — 2M5q,

% = u M ay)g;. (3.28d)

Above equations are applicable for j = 1,2,..., N. Equations for j = 0, N 4+ 1 are given

according to boundary conditions.

3.3.6 Gradient of potential

In this subsection, we derive the gradient of potential with respect to rotation matrix R(aq;)
and with respect to position vector r;. We assume, the interaction to be of particle-particle
type. In that case potential energy contribution from k" particle of i*" body and I** particle
of j*" body is the function of distance T between them, given by

{rE? = {(mi+ R(@) ") — (v + R(ay) "))} - {(x; + R(ai)"x¥) — (rj + Rap)"x})}

= ri-r;+2r; - R(a)Tef + o b 4 rj-r;+2r;- R(qj)Tré- + ré» . ré-

—2(r; vy +1; - R(ay) el + ;- R(a) v + R(a;) vt - R(qy)"rh). (3.29)

So, the contribution to potential energy from the pair i*" and j** body is

Np  Np

Vij =) Vi, (3.30)

k=11=1

Therefore,
np avkl np Np avkla kl

Tip
Z Z kl 31.1

k=1 1=1 k=1 1=1 1]

For obtaining the derivative of potential with respect to position vector r;, we calculate

ort 1
L _ W{ri + R(a) e} — (v + R(ay) )}
,J

81‘1‘
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Similarly for differentiation with respect to quaternion q;,
k:l
k=11=1 =1 1=1 Or; 8@1
where,
F okl ]
ook
k.l Ory);
Od; ory
0q;,2
Ory
L 9gi3
(%f,’jl 1 o OR(a)”
0q; Tkl (rZ+R(Ql) Z)—@'j‘FR(Qj) rj)}' O 5 i [8:0317273]'
bl 7]' 9
qi,0 4,3 -4i2 91 4i2 qi,3
OR(w)T OR(q;)T
40 - -4i,3  4i0 qi,1 ) Oqi 1 - 42 -49i,1 40 ’
42 -49,1 40 9,3 -49,0 -9,
42 i1 -4i0 =43 40 i1
OR(a)T OR(q;)"
dqi0 - g1  4i2 43 ) Oqi 1 - -4i,0 9,3 4i2
40 4,3 -4i2 qi,1 92 i3

3.3.7 Boundary condition

We consider 3 possible set of boundary conditions, ¢ — ¢1, ¢1

been described below.

— ¢ and ¢y — c3, which have

1. ¢1 — ¢;: In this case, both ends are clamped. Hence, coordinates of 01" and (N + 1)th

body remain same for all time.

ro(t) = r0(0),

ryy1(t) = rny1(0),
po(t) = O3x1,

pN+1(t) = 0341,

do(t) = qo(0),
an+1(t) = an+1(0),
20(t) = O4x1,

gN+1(t) = O4x1.
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Equations (3.28a)-(3.28d) are solved for j =1,2,3,... N.

2. ¢1 — c9: In this case, one end is clamped and force is applied at other end, but this end

is free to rotate. So, for 0" body,

ro(t) =1o(0),  @o(t) = ao(0),

po(t) =03x1,  go(t) = Oux1,

Let the applied constant force be F. Then work done on the system is,
WF =-F. Ny1- (3.31)

We add this work #% to the Hamiltonian of the system (3.26) and using Hamilton’s

equations (3.28a)-(3.28d), we get equations for (N + 1)** body as,

dpnyr (VNN (4N, UN 41, TN, TN 1) L F
dt aI'N+1 ’
dryy1 PNl
dt my41’
dgny1 OV vii(an, dN+1, TN, TN 1)
= - — 20N +1AN+15
dt OgN+1
dgn 1

_ -1
di b (UNT1)8Nf1-

Equations for j =1,2,... N remain same as in (3.28a)-(3.28d).

3. ¢1 — c3: In this case, one end is clamped and displacement d is specified at other end,

but this end is free to rotate. So, the boundary conditions are

ro(t) =ro(0),  ao(t) =ao(0),
Po(t) = 03x1,  @o(t) = Oax1,

ry4+1(t) =d, pN+1(t) = 03x1.
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Equations for (N + 1) body are

dpn+1 — O3
dt X1y
dry 41
=0 ,
dt 3x1
dgn+1 _ _OVNN(@n, an+1, 1N, d) — 2QN4+1AN+1
dt OGN +1 " ’
don 1 -
dt+ = p N aN41)8N41-

Equations for j = 1,2,... N remain same as in (3.28a)-(3.28d).

We derive the expression for the Lagrange multiplier using these Hamiltonian equations and
the constraint expression. We feed this Lagrange multiplier in Hamilton’s equations and

solve the ODEs.

3.3.8 Expression for Lagrange multiplier \;

Using (3.19) and (3.28d),

. L pa pesiin A
iy = o5 Glay) ' [J]Gay)s;
1

1

T
= qu 8-

Differentiating the unit quaternion constraint with respect to time, we get quqj = 0. There-
fore,

q; g = 0.

Differentiating above constraint with respect to time, we have qugj + qugj = 0. Using

(3.28d) and (3.284),
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o B oV
afgi+aleg = —al i gj)a; — foaq], — 200 @
J
+ej 1 (w)8;-
1 0V
7 2431] 3%’

where,

Vijr1(dj, djr1,15,r541), if j =0,

§

Vi—1,(dj—1,45,Tj—1,Tj)

<.

+Vjjr1(ay, @1, 15, 1541), i 0<j<n+1,

‘G—l,j(qj—17Qj7rj—17rj)7 lf] =N + 1.

3.3.9 Non-Dimensionalisation

(3.32)

(3.33)

We reduce number of parameters by non-dimensionalising equations by following parameters,

I‘j = Lf‘j,
rh = Lif,
m]- = MﬁLj,

t = 7t

Hence,

dI‘j ML~dI~‘j ]\4[1~

= _ . y
P; Tt 7 di T P;
“. 2]
J = MIL*J,

. 2 T, ML?
g; = 4G(q))[JVG(a;) 45 = ;-
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So, rewriting equations (3.28a)- (3.28d) in terms of non-dimensional entities,

ML*dp; OV (uj—r, 4y, 781, 7F;) + V(aj, 1, TE), TFj41))
T2 dt orJ ’
ar; _ Py
dt m;’
ML? dg; 1 (ML*\ o pesita
2 g = 72 (7_2> G(g) IV G(&j)ay
OV (gj—1, 4, 781, 7)) + V(aj, djt1, T, TTj41))
day;
—2)\jq]‘,
dq; 1.~ 2 =1, ~
CTEJ = ZG(Qj)T[J]j G(a;)8;-

We have derived Hamilton’s equations for three dimensional chain in terms of quaternion.
The main challenge in the formalism is forcing the unit quaternion constraint. We have

derived the expression for Lagrange multiplier for continuous ODEs.

After introducing this multiplier, we estimate the order of error in unit quaternion constraint.
We derive the order of error analytically for Fuler-B scheme and numerically for higher order
algorithms. Also, we prove the symplecticity of the algorithm for Euler-A symplectic scheme.
We are using Gauss6 symplectic sixth order scheme to solve the chain problem, but providing
analytical proof for order of unit quaternion constraint and symplecticity of this algorithm
is bit difficult. However, this can be done in similar way as we demonstrate it for Fuler-B

and Euler-A scheme.

3.4 Order and Symplecticity of constrained algorithm

Let the conjugate pairs of the Hamiltonian system be (p;, ;) j=0,1,..n+1 and (g;, q;)j=01, .N+1-

Hamiltonian of the constrained system is,

JC(P0, P1s-- s PN41:T0s T1s - - s TNA1, B0, 81y - - - EN41, U0, Uls - - - AN+1) (3.34)
N+1

- ‘%?(p()vplv ...y PN+1,T0, Y1, ., TN+1,80,81,--- 5, N+1,U0,d1, - - - 7QN+1> + Z )\](q‘?q‘j - 1)
j=0
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where,
N+1 N+1 p2
% Z Qg] g] + Z py + Z V7]+1 QJ7QJ+17 r]7 r]+1) (335)

im0 <M o

Let the step size of the discretization be h. Let ();C denote (-) value of j** body at k" step.

When we solve for (p;,r;) and (g;,q;), Hamiltonian is the function of these variables only.

3.4.1 Order of the constrained algorithm

Using Fuler-B, a symplectic scheme, we show here, the order of error in the constraints

q?qj =1 and qugj = 0. FEuler-B discretization for conjugate pair (g;, q;) is

ot = of +hAt(E T o), (3.36)

gt = — A (g8, aff) — 2 hay. (3.37)

Using (3.28d), (3.28d) and (3.33)

(g ) = M)l
. oV
n+l n _ n+1 e
‘%0 (g] 7QJ) - lu' (gJ )QJ + aqj?
N = 1 Lpr V. ov
J 2 daq;
where, % is valuated at (g?“,q?).
Unit quaternion constraint
(@ e = {af" +n(el ™ N (af) Haf + e o)l

= o ) + 2ha) N a))g T+ B2 T e (gl
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Using 3.18, we see that

T N el = 4 G T TP ()l
= 4T G (o) [T NG ()8l
= 4[1,0,0,0/G(q})gl ™

nT _n+1

= dqg; g;

= 4q}"g} +O(h). [Using3.37]

nT _n nT n _

Assuming that o gy =1 and q;” g7 =0, we have,

()Tt =1+ 0(h?). (3.38)

Constraint on conjugate momenta

p M ) Hel — hu~H (g) )

_hg;uh( nqu)qn}
J
= of g} — h{(g]™) u N (a))g] + o T (gl )

)Y 7 OV
T nT N 2
hajj da + hq (qj 5 ) + O(h?).

n+1T n+1 _ nT n+1\1T
(a;7) gy = A{aj” +h(g]")

Using (3.37) and the property

gl p (ay)gs = a) p ' (gy) gy,

we have,

& N ahel = @) a)elt +0(h)

= o N gl hel ! + O(h),

Using above expression and assuming that q;“‘Tq’; =1 and q’;Tg? =0,

()T =0+ 0(h?). (3.39)
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We conclude from equations (3.38) and (3.39) that Euler-B scheme respect the constraints

(af a5 = 1) and (¢} g; = 0) upto second order.

For a typical symmetric top problem, we plot the error in quaternion constraint vs step size

for the higher order symplectic algorithms. In the figure 3.3, we see that all the symplectic

10
10'4, L P . "A, |
Pt
6
10 + /,// e -
- et

llqllP-1
o
T

L
-10 L - ~ -
/ L

107127 ‘.-_‘., / 7
L —Euler-A
=== Euler-B

Implicit Midpoint

- 4- Stormer verlet

v Sungeng
‘== Gaussé

-18 L S R L T L A S T L w_Y=2X

107 10° 107 10° 10° 107

FI1GURE 3.3: Error in unit quaternion vs step size for symplectic algorithms

algorithms, second order schemes Implicit-midpoint and Stormer-Verlet, fifth order scheme
Sungeng and sixth order scheme Gauss6 respect the unit quaternion constraint upto second
order only. However, Gauss6, being a higher order algorithm, has least magnitude of error

compared to rest of the algorithms.

3.4.2 Symplecticity of the constrained algorithm

We use first order symplectic Euler-A scheme. FEuler-A discretization is given by

1 7 1
P e (e,
pit = p}—hA(p) T,
it = of + ht(g) o)),

gitt = &) — Al At - 2yt
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Taking one-form of the above discretization,

drft = dr} + hd A (p), T,
dpi*t' = dp} — hd A (p},xIt"),
dj™ = da} + hdAg(g],q) "),
dg}“’l = dg?—hd%(g?,q?“)—2/\jq;‘+1.
Using chain rule,
0
At (P}, vt = Hppdp] + Hprdr T
dA(p}, et = }pd?)NJr%;irdr?“,

AAy(f aj ™) = Hggde] + Hgadalj "

Ay (&), f ™) = Hedg] + Aggda] T — 20da T — 201 AN,
Some properties of wedge products are,
danda=0, daAdb=—dbAda, dan(Ada)= (ATda)A da
From (3.40a) and (3.40b) and using (3.41a) and (3.41b),

n n % n 0

dri A dpiT = A dpl — A T

Adding above two equations,

drg-”rl A dpj
0

n+1 +1 _ n n
dr’™ AdpiT = dr} Adpj.
From (3.40c) and (3.40d) and using (3.41c) and (3.41d),

n n n n % n 0 % n n
dof ™t Ndg} = daf \dg) + hAyydgl AdgT + hAyde) T A dg],

dof ™t A dgtt = da A dg) — hAEL, du A dgl — h%qW

0
—QAW —2(a ) Tt A .

(3.40a)
(3.40b)
(3.40¢)

(3.40d)

(3.41a)

(3.41b)
(3.41c)

(3.41d)

(3.42)

(3.43a)

(3.43b)

(3.44)

0



Chapter 3. Dynamics of three dimensional chain 41

Adding above two equations,

doff ™ A dgi ! = daf Adg] — 2 ) da T A dA;.

From the equation 3.38,

(af DT =1+ 0(n?),

— (q;jb—l-l)qu;L—l-l —0.

Hence,

(@) del Tt AdA; =0, VA;.

Therefore,

dq?+1 A algg”r1 = daj Ndgj. (3.45)
We conclude from above subsection that addition of Lagrange multiplier successfully force the
unit quaternion constraint upto second order. We also see that addition of the constraint
term to the Hamiltonian of the system does not destroy its symplecticity. We, now have
the Hamiltonian formulation for the three dimensional chain of rigid bodies in terms of

quaternion.

3.5 Example

The figure above shows a tetrahedron with particles at its vertices attached through rigid

link. Let us assume mass of each particle to be m. Let us denote position vector of k"

k

i

particle of i body in body fixed frame as r

r, = *563 363 - Zeé,
o= 2 -2 -4,
r; = 0ei + 23—ae§ - Zeé,
r; = 0} 4+ 0e)+ 37a€é'
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ithbody

,,,,,,,,, Rigid link
Particle
[ ) Centre of mass

F1GURE 3.4: Rigid tetrahedron

Moment of inertia of the tetrahedron is given as

4 174>
In = Y mylyi+2) = TR
k=1
4
5a?
122 = ka(xz + Zz) = T,
k=1
4
5a?
Is3 = ka(xi +u3) = 5

Iio = ILi3=13=0.

3.5.1 Potential energy

We assume Lennard-Jones potential [24] interaction between two tetrahedrons. So the po-

tential energy contribution from two particles, k, of it® and j* body respectively is given

12 6
kl (o g
Vij© = e ( k,l) _( k,l) )
Tij Tij

where, ¥ ’jl (from (3.29)) denotes distance between k particle of i*" body and I particle of 5"

by

body.
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Energy

So, potential energy contribution from pair i*” and j** body is,

ari 1 =1 ari ’
oV 4 4 8‘/"571
I
Ou; <~ Oy
k,l [ 13 | okl
GVU-’ B 24e o[ © o 8"”i,’]-
Or; o rf’j rf’]l or; ’
k,l : 13 7: k,l
avij B 24¢€ 9 o o ari,j
oq; o rf’jl rf’Jl Ja; ’
okl k!
where, g;’i] and 573’5 are obtained from (3.3.6) and (3.3.6) respectively.

We, solve the above example for the system containing 8 tetrahedrons, using sixth order

symplectic Gauss6 scheme for a typical initial velocity, and following parameters.

a = 1m,mass = 1kg,r;(0) = (2,0,0), i =1,2,...,8, F =(3,0,0),e =5,0 = 1.

100 80
= Kinetic energy
8ok Lermemaemee --Potential energy
. ,‘n-"“--..‘,.‘-»‘""' . —Total energy
CE AR L 60 & Y
60F 1 v, S e _ 1 HERN
______ g -+ Kinetic energy : . c— e PN FN
40t -¢-Potential energy : NN s o SN Y
: - Work done 40r: Ceme” M csenee s v o
201 —Total energy H
. )
o o 20F
H 2
. w
: g00000, 9% an g8 gas0000,
201 % R Zal o 00 90%000e" .
5 o
al o
........................................ #""-,.‘A.: SIS ,'"‘m“w""‘"‘n o
I 2ot 4 g tort RS
0 s
............. W
_100 . . . . . . . . _40 . . . . . . . . .
0 10 20 30 40 SSO 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
tep
FIGURE 3.5: Energy(in J) vs number of FIGURE 3.6: Energy(in J) vs number of

steps for c1-c¢2 boundary condition steps for cl-c1 boundary condition
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time (in sec.)

Figure 3.5 and 3.6 show the energy of the system for cl-c2 (clamped-constant force) and cl1-

cl (clamped-clamped) boundary condition respectively. Hamiltonian of the system remain

conserved in both the cases. Hence our formulatio of the chain problem successfully conserve

the Hamiltonian of the system.

Computation time We observe the effect of number of bodies and the effect of number of

particle in the body on computation time. We use disc shape of rigid body as the example.

Particles are assumed to be uniformly distributed on the circumference of two circles forming

faces of the disc. For a typical initial condition, parameters used are,

radius of disc a = .05m, thickness t = a/10,0 = 1, = 1075, F = .03Nin x direction,

where, F is the force applied at last body.

The calculation has been done using Gauss6 scheme with step size h = .01 and tolerance

107Y. The machine used is eight core “Intel(R) Xenon cpu ES420 @2.50GHz”

1400,

1200

1000

@
8
<

=
2
<

L L L L L
4 6 8 10 12 14 16

Number of particles n,

FIGURE 3.7: Number of particle n, vs
time for Number of body N =6

1400,

1200

1000

°
£ 600F

400

200

FIGURE 3.8: Number of body N vs time
for number of particle=12

Figures clearly show the increase in computation time as number of bodies/ particles are

increased.

In order to demonstrate the accuracy of unit quaternion constraint, we plot the error in

quaternions for the system with parameters as defined above and number of bodies = 8 and

number of particles = 8.

Figure 3.9 shows that quaternions remain unit to a good extent for all the bodies in the

chain.
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Chapter 4

Conclusion and Future work

4.1 Conclusion

We have successfully established a Hamiltonian formulation for a chain of rigid bodies using
Rotation matrix and quaternions as rotation parameters. We have modeled rigid bodies as
an array of particles attached to each other through rigid links. Therefore, our formulation

can be used for any shape of the rigid body.

We have introduced the Lagrangian multiplier into already existing symplectic algorithms
and have achieved a second order algorithm with respect to unit quaternion constraint.
We have also shown that introduction of the Lagrange multiplier into Hamiltonian system
does not affect the symplecticity of the system. In the figure 3.7 and 3.8, we have shown
computation time for different sets of number of particles and number of bodies. Figures
suggest that algorithm used is significantly fast and hence can be applied for large number

of bodies.

4.2 Future Work

A symplectic algorithm conserving the unit quaternion constraint upto higher order can be
devised. When the equation of motion for the chain of rigid bodies is linearized about its

equilibrium position, we are able to calculate the natural frequency of the system. This

46
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natural frequency can be used has a parameter to compare the motion of a chain of large

number of rigid bodies and a Cosserat rod.



Appendix A

Rotation matrix

A.1 Rotation matrix in terms of quaternions

Quaternions is corresponding to j** body is defined as,
gtoy y

o’ = qjo+qj1e1+ gj2er + qjzes (A1)

We derive a rotation tensor R(q’) which relates basis {eg}izl,zg of j*" body fixed frame to

stationary frame basis {ei}i:m,g. Quaternions represent rotation iff their mod is unity, i.e.,
I P =qo+ a1 +qa+ds=1 (A.2)

From here onwards, we consider unit quaternion only. The quaternion can be used to describe

rotation about an axis r through an angle ¢ as

o = cos ¢ + sin ?r (A.3)
2 2
ie.,
Qj,O = COS 5, qJ'71 = sin 57‘1, qJ'72 = sin 57‘2, q]'73 = sin 57‘3, (A4)

th

where r; is ¢ component of unit vector r.

Using Rodrigue’s rotation formula, if a vector v is rotated by angle ¢ about an axis r, then

48
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the rotated vector is given by,

v =vcos¢p+ (r x v)sing 4+ r(r-v)(1 — cos p) (A.5)

We derive the rotation matrix corresponding to this rotation in terms of quaternion as

v = veos¢+ (r x v)sing +r(r-v)(1 — cos¢) (A.6)
= v(2cos? $_ 1) + 2rsin ¢ cos ?v + 2sin? ?(r ®r)V (A.7)

2 2 2 2
= Ry, (A.8)

where T is the skew tensor corresponding to axial vector r and R(q’) is the rotation tensor

given by,

R = (2cos? $_ I+ 2f‘sin?cos ¢ + 2sin? ?(r ®r)
2 2 2 2
] 0 —7r3sin % T9 Sin %
= (2q]2-70 — 1)I + 2cos 5 r3 sin % 0 —71 sin % (A.9)
—1r9sin % 71 sin % 0
7‘% sin? % 179 sin? % 173 sin? %
+2 | ror; sin? % 73 sin’ % 913 sin’ % (A.10)
r3r1 sin? % 379 sin’ % 7“32) sin? %
Components of this tensor is represented by matrix R.
0 P ) 2 . .
q;,3 q;,2 dj1 45,1452 44,1953
j 2
R(9’) = (2¢50—DI+2g0 | ¢j3 0 —gin | T2 gj2051 q]2-,2 45,2453
~¢j2 g1 0 6430, G352 s
2030 +205, — 1 2051052 — 2050053 2051053 + 245,005,2
2051052 + 2050053 2050+ 202 — 1 2¢52¢53 — 2450451 (A.11)

2053051 — 2050052 2053052 + 2050051 2450 + 2453 — 1
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Angular velocity w(qg/,¢f/) is the axial vector of skew symmetric tensor RRT. Angular

velocity of 7% body in body fixed basis {eg}izl,zg is,

4,0
W (e, i) = azial RRT) = 2G(ef) | (A12)
dj2
| s |
where,
—qj,1 45,0 45,3 —4j5,2
G(qj): —qj2 —4;3 q;,0 g1 (A.13)
—93 42  —451 450

A.2 Euler angle and quaternions

If a frame is rotated by angle # about axis n, then quaternion coresponding to this rotation

is given by

qpn(0) = cosf/2 +nsinf/2 (A.14)

We choose ZYZ class of rotation. So quaternions associating body fixed frame {e;} with

stationary frame {E;} is given by

q = oz (P)ay(0)q () (A.15)

q = (cos¢/2+ksing/2)(cos0/2+ jsinb/2)(cosp/2 + ksin/2) (A.16)
0 <¢+w> S (¢+w>
= cos—cos | —— ) +isin—sin | ——

2 2 2 2
+jsingcos <¢+¢> ¢+¢>
2 2

0
5 -l—kcossin(

2

So, the component of quaternion are,
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3 = COS — sin
e 2

. .0 o+ 0 0
qgo = —smi cos <2> 5~ cos §sm

. 0 (o+y\O 0

q = COSi sin <2> 3 + s1n§cos <

. 0 e+yN0 0

qo = COS§COS (2 2—SIH2SIH<
. 0 (o) b 0

g3 = —sin B sin <2> 5 —+ cos B Cos <

Thus we obtain the angular velocity using (A.12).

(A.17)

(A.18)
(A.19)
(A.20)

(A.21)



Appendix B

RATTLE algorithm

SHAKE/RATTLE method is used to solve constrained Hamiltonian system.

Rn+1

Pn+1/2

I

Pn+1

0

Symplecticity:

an+1

dPn-l—l/Q

dPn+1

an-I—l A dPTH—l

an+1 A dPn+1/2

= JR"T! A qP"!

Rn +th+1/2Rfl

n h n n
P" — §VR(R ) —hR A(r)
{Rn—i_l]TRn—i_l
h n n
5VR(R T — hR" A,

[Rn—l-l]TPn—s—l R—l + R—l [Pn—i-l]TRn—i-l

Pn+1/2 _

dR" + hdP" /2R~
n h n n n
dP" — 5VQQ(R )dR"™ — hdR"A )

n h n n n
dP™ 2 — CVo(R™AR™! — hdR" A,

an-l—l A dPTH—l/Q
dR"™ A dPTL+1/2
dR™ N dP™

dR™ A dP™.

Hence this discretisation is Symplectic.

52
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Order of Algorithm: Order of RATTLE algorithm will be defined as minimum of order of
discretisation and order of numerical scheme solving non-linear constrained equation B.1.

We compare this discretisation with taylor series. From rattle discretisation,

h2
R" =R" + hP"R™! — 5 (VR(R™) +2R"A () (B.1)
From taylor series,
R — R4 B4 s +O0(h?) (B.2)
exact T dt R 9 dt2 Re .
dP h? d’P
Pl — P — — R? B.
exact + dt pn + 2 dt2 pn + O( ) ( 3)
R = PIR! (B.4)
dt (Pn Rn) .. ! k]
b ZJ
2 dP?,
R = —hR ! (B.5)
dt2 (Pn Rn) .. dt J
k) 74]

= —(Vr(R")+ 2RnA(r))ikR];j1

Using above two equations and (B.2),

2

h
R = R" + hP"R™! — o (VR(R™) — 2R"A(y) + O(h?). (B.6)
Therefore,
IR — R™H = O(h?). (B.7)
Also,
dP
— = —Vgr(R") —2R"A (B.8)
dt (Pnan)
d2P n np—1 np—1
(P™,R™)
VR(R™) = Vip(R™+hP"R™ + O(h?)) (B.10)

= VrRR") + Voo(R")(ARP"R™1) + O(h?) (B.11)
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Hence,

h2
P = P"—h(VR(R") 4+ 2R"A(,) — ?(VQQ(R”)P“R—1 +2P"R™'A,)) + O(B?)2)

exact

h? B .
P = P" - h(Vg(R") + R"A(,) — ?(VQQ(R")P"R N — hRRM A,

From above two equations,

Pt —P" = —2hR"A(,) + hR"A() — K*P"R7MA,) + RR™ A,y (B.13)

exact

Hence we conclude that the Rattle algorithm is 2" order.

Solving Constrained equation: Assuming
pn+1 n np—1 h2 n -1
R"™ =R"+hrP"R™" — ?VR(R R (B.14)

and using (B.1),
R" =R — PR"A (R (B.15)

Putting above equation in (B.1)
R - PPR"ARDHT(R"™ - °R"AH R -I=0 (B.16)
Let us say
f(Ap) = R"™ = PR"AHRHT(R" - PPR"A( R - L. (B.17)

Then solving (B.16) is equivalent to finding roots of f(A(.). In case of multiple root and
small step size, we take A(.) with smaller magnitude. Newton-Raphson technique? is used

to find roots of f(A()).

df (M) :
T e (B.18)

2see Appendix B
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where, [A];j = [R"],i[Rjq(R™ — AR A ;)R ™). Thus we get the iteration scheme as,

df () \ ™
k41 _ Ak (r) k
Awy =Aw ( iy, > A (B-19)
Aty
For initial guess A?T), we solve for the linear terms of (B.1),
0 = [Rn-ﬁ-l]T[Rn-&-l] 1= hQ{[Rn-i-l]TRnA(r)R—l + R—TAC(Z;)RnTRn-i-l} (B.20)
+h'RTTAL R R A RT! (B.21)

From (B.16), we see that [R"T!]"R" = R"R"*! = I+ O(h). Ignoring h3 and higher order

terms in (B.21) and using symmetry of R~! and Ay,
0~ R R"™]—1-1*{AR'+R7A(y} (B.22)

Thus we get initial guess of A, as

0 1 RiuRjj

Ay =
(7~ B2 Ry + Ry,

(R™TR™) - 1) (B.23)

After getting R"*!, we solve for Ay using (B.1) and (B.1). Let us say

h

Pn+1 — PTL+1/2 o §VR(RTL+1) (B24)
0 = [Rn-‘rl]TPn—i-lR—l + R—I[Pn—i-l]TRn—i-l (B.25)
[Rnﬂ]TPnHRq + R—l[PﬁH]TRnH (B.26)
—h{A(v))Ril + RflA(v)} (B.27)

Thus, A(v) == {)\i]’}, R = {Tij} and M = [Rn+1]T].5n+lR_1 + R_I[Pﬁ—"l]TRn—’_l

Tl
Nij = ——————M;; B.28
K h(m + Tjj) K ( )



Appendix C

Proof of Lemma 1

We write angular velocity w’ as R* vector,

& (g i) = 0 ] =

where, d; = [dj0, dj1, Gj2, Qj,3]T and

G(q))axa =

2G (1) axaldy;],

]pT

WlT
WQT

W3T

where, p, vi, vo and v3 are vectors in R*. Vectors vo and w3 are defined as

v T —qj1
vol | = Glay) = | —g52
W3T —4q;,3

o6

—43 450 95,1
%2  —491 4950
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Augmented inertia matrix is

1 0 0 0

. 0o J 0 0
[} = . (C.1)

0 0 J 0

0 0 0 J

We want p to be such that it is perpendicular to ¢; (to ensure that first entry of aug-
mented angular velocity &’ remain 0) and p is not in span of vi,ve and v3 (to ensure that
G(q;)T[J)?G(x;) remain invertible). We have v4 = [g;0¢j.1 ¢j2 ¢;.3]7 perpendicular to vy,vs

and vg. So the general expression for p not in span of vi,ve and vg is
V = V] + QoVo + a3V3 + vy, ag # 0.
p is perpendicular to ¢, i.e.,
IPTQ = O41\71T®1 + 0é2W2T<fl + 063W3T®1 + oz4v4T®1 = 0. (C.2)

Since q]qu = 1, at least one among gjo, ¢;,1, ¢j,2 and g; 3 is non-zero. Let us assume that

¢;,3 7 0, then from the constraint quqj =0,

) 1 ) ) )
dj3 = —qf?)(q]‘,oq]',o + qj1451 + qj,245,2)-
J7

Substituting ¢; 3 in C.2,

gio(ar (=153 + 4j.205.0) + @2(—j.245.3 — 4j1950) + a3(—475 — ¢3o))
+5,1(01(qj,0053 + ¢5,205.1) + q2(—C 3 — 471) + as(¢j,2a5.3 — ¢5,0%5,1))

+gi2(a(qls + 67 2) + 2(¢j04j3 — 45195.2) + @3(—4j1953 — ¢j0gj2)) = O.
Since this is true for all values of g; o, gj,1 and g; 2, their coefficients must be zero. Therefore

2 2
45,2950 — 95,1953  94,295,3 — 44,195,0 —q53— o a1

o o 2 2 o =0
45,0953 T 45,2495,1 453 — 451 q5,245,3 — 44,095,1 a2 :

2 2
93+ o 45,0953 — 45,195,2  —45,195,3 — 45,095,2 Qs
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Only trivial solution is possible for above system of linear equations. We obtain similar result
with cases gj0 # 0,gj,1 # 0 and g;2 # 0 respectively. So, the vector p = asvs. We take
a4 = 1 and write

4d5,0 4j,1 dj,2 45,3
A —4j1 450 453  —4j2

%2 —43 450 451

L %3 %2 —%1 950
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