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Abstract

In biological structures, charged proteins that are constrained to a surface
are ubiquitously encountered. These proteins interact among each other to main-
tain their shapes and drive the functionality of the overall structure. Among
the various such situations, we particularly focus on mature HDL (high density
lipoprotein) molecules which are key components of Reverse Cholesterol trans-
port that regulate the cholesterol level in our body. Mature HDL molecules are
spheroidal shells with cholesterol encapsulated in their core, the outer shell be-
ing constituted of head groups of lipid molecules and charged proteins that are
present on the outer surface of it. How these charged proteins arrange them-
selves on the surface of the sphere could be of key importance in the functionality
of HDL molecules.

In our study, we model charged curves that are restricted to the surface of
a rigid sphere. Our model consists of two interacting, inextensible elastic loops
(closed curves) that are constrained to lie on a sphere. Each loop is endowed
with bending energy, a distance-dependent self-interaction energy, and a distance-
dependent energy that accounts for interactions with the other loop. The first
and second variation conditions are obtained in coordinate-free form. A trivial
equilibrium solution exists for such a problem in form of a pair of parallel circular
loops situated in opposite hemispheres. We discuss how the interplay between
the electrostatic interactions of the loops and their bending rigidity governs the
stability of the trivial solution. Motivated by the understandings developed with
this analysis, we solve the equilibrium equations numerically and obtain the post-

buckled equilibrium configurations.
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CHAPTER 1 INTRODUCTION

In biology and in polymer sciences, we can find situations where there
are charged loops interacting with oppositely charged surfaces and the medium
around those surfaces. Peptide adsorption on a lipid membrane is one classic
example. In particular, anti-microbial peptides (amps) are one of the important
component of the immune system of eukaryotic and prokaryotic cells. The initial
step in the action of amps against microbes involves their electrostatic attach-
ment to the oppositely charged microbial membranes (Yang et al. [10]). Hancock
and Rozek [11] discuss various aspects of amps activities against microbes. An-
other example for Eukaryotic cells is a negatively charged DNA strand wrapped
around a positively charged surface of a histone octamer (Nelson and Cox [12,
Chapter 24]). The complexes that are formed after this interaction of DNA with
histone proteins act as fundamental building blocks for the compactification of ge-
netic material in chromatin (Khrapunov et al. [13], Shiessel [14], Luger et al. [15]).

We aim to gain mechanistic insights into the interaction between charged
curves that are attached to a surface. We assume that curve-surface interactions
are strong enough and hence the curves are always constrained to the surface.
We motivate our work through two examples that are discussed in the sections

below.

1.1 Reverse Cholesterol Transport

Heart diseases are one of today’s primary health concerns. The types of ab-
normalities which could be referred to as heart disease are blood vessels diseases
such as coronary heart disease; arrhythmias that is heart rhythm issues; and by

birth heart defects such as congenital heart defects.



Bad vs. Good Cholesterol

Bad (LDL)

| stores cholesterol in the
blood stream
Good (HDL)
regulates LDL storage and
promotes excretion

Figure 1.1: Schematic of cholesterol deposition in the arteries ( from Rsocial) .

Atheroscilerotic Plaque
| (LDL accumulation)

The most prominently studied heart disease is Atherosclerosis which refers
to as narrowing of blood vessels and under advanced stages, blocking of the
blood vessels. The narrowing of the blood vessels happens through deposition of
cholesterol and its derivatives in the arteries and is depicted in the schematic
The two key components shown are; HDL - High density lipoprotein and LDL
- Low density lipoprotein. The HDL is also called good cholesterol and LDL is
called bad cholesterol. While the HDL molecules are carriers of cholesterol to the
liver where it is decomposed, LDL molecules which are relatively larger in size,
deposit in the artery walls and reduces the opening of arteries.

Reverse Cholesterol Transport (RCT) is the intrinsic mechanism in our body
that regulates the cholesterol level in the blood stream and reduce the chances
of cardiovascular diseases. It involves multiple steps and is mediated by various
enzymes. Review article by Remaly, Norata, and Catapano detail the key steps
involved in RCT in the Figure and their description of RCT pathways is as
follows. The first step begins with the formation of nascent Preb-HDL, which
largely occurs in the liver and to a lesser degree in the intestine, when apoA-
I lipoproteins acquires phospholipid and a small amount of cholesterol by the

ABCA1 transporter. Preb-HDL is then transformed into a larger discoidal species
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of HDL called a4 HDL when it acquires additional lipid by ABCA1 transporters
in the periphery. HDL is then transformed into spherical al-3 forms of HDL after
acquiring additional lipid by other transporters and proteins on cell membranes,
such as ABCG1 or SR-BI, or by a passive diffusion process. LCAT is involved
in this process by converting cholesterol to cholesteryl esters, which migrate into
the core of HDL. Cholesterol on HDL can be delivered directly to the liver after
uptake by SR-BI, which then regenerates Preb-HDL. Alternatively, cholesteryl es-
ter is transferred in exchange for triglycerides to VLDL and LDL by CETP and
LDL is eventually delivered to the liver by the LDL-receptor. Cholesterol is then

excreted by the liver either as free cholesterol or is converted to a bile salt.

Pre- HDL

Liver

Figure 1.2: Diagram of the Reverse Cholesterol Transport(RCT) pathway. The de-
scription and the figure are obtained from Remaly, Norata and Cata-

pano [1] .



cholesterol . cholesterol
and lipids and lipids

Figure 1.3: Simplified steps of the Reverse Cholesterol Transport (RCT) due to

Shih, Sligar and Schulten [2].

In brevity, the RCT cycle can be summarized in three key steps, shown in the

Figure[1.3]as

(a)

(b)

A thread like protein called apoA-I lipoprotein which has cholesterol bind-

ing properties, is secreted from liver in the blood stream,

Formation of a disc like unit which is made up of a lipid bilayer with choles-
terol embedded in it. The red component shown in the figure is made
up of phospholipids and the blue dots signify the embedded cholesterol
molecules. The edge of the layer is constituted by the apoA-I lipoprotein.
This unit is also called discoidal HDL,

Esterification of the cholesterol molecule through lecithin cholesterol acyl-
transferase (LCAT) drives it to move into the lipid bilayer. This results in
the structural transition from discoidal HDL particle to the spherical HDL
which is also known as mature HDL particle. The spherical HDL then floats

back into the liver where it is decomposed.

Mature stage of HDL (stage (c)) consists of a spherical core of entangled

esterified cholesterol and Trigycerides (TG). This core is encapsulated by a spher-

ical shell made up from phospholipids aligned in a fashion such that the outer

surface is formed by the headgroups and the tails are pointing toward the core.



HDL2b HDL2a HDL3a HDL3b HDL3c

Total protein =
35?% Total p:otem Total protein Total proteln Total protein
40% 45% 55% 65%

Total lipid Total |IDIdS Total lipids
e Total lipi s
Total lipids 00/5 / \ 55% / _45% / 35% /

65%

HDL2b HDL2a HDL3a HDL3b HDL3c
Diameter (nm) 10.4 10.3 9.9 8.0 7.3
Density (g/ml) 1.099 1.107 1.123 1.155 1.186
M, (kDa) 410 400 360 200 160
Plasma level (M) 1.7 1.8 1.9 1.3 1.0

mol/mol HDL

Apolipoproteins
ApoA-1 4-5 4 3-4 3 2-3
Others <2 2 <2 1 <1
Surface lipids
Phospholipid 130 140 120 45 25
Free cholesterol 70 40 25 15 10
Core lipids
Cholesteryl ester 180 160 140 70 40
Triglyceride 30 20 15 10 5

Figure 1.4: Heterogeneity in the physicochemical properties of normal functional
HDL due to John et al. [3], Blanche et al.[4], Barter et al. [5], Kontush
et al. [6].

On the outer surface of this shell are the apoA-I lipoprotein which supposedly
acts as a scaffold for the interaction of mature HDL with the enzymes (Mishra et
al. [16]) and providing stability to the overall structure. The size and content of
the spherical HDL varies largely as shown in the figure [1.4].

One crucial difference between the discoidal HDL (stage b) and spherical
HDL (stage c), apart from differences in the structure is the role of apoA-I lipopro-
tein in the two entities. In discoidal HDL, the apoA-I lipoproteins forms the edge
of the bilayer to protect the hydrophobic tails of lipids forming the bilayer.

In mature HDL, the outer surface of mature HDL is formed by hydrophilic
headgroups of the lipid molecules. This structure provides the shield to hy-
drophobic entities like tail of the lipids, and the core consisting of esterified
cholesterol molecules, tryglycericeds (TG) etc. Therefore, apoA-I lipoproteins that
lay on the surface of mature HDL are free from the role of providing the hy-

drophobic shield. Hence, they can be assumbed to float on the spherical surface.



Silva and coworkers [17-19], Mei and Atkinson [20], and Gursky [21] stud-
ied the crystal structure of apo-lipoprotein on the surface of HDL particles. Their
work shows that multiple peptides wrap around the surfaces of HDL particles in
various configurations. Vattulainen et al. [7] performed coarse-grained molecular
dynamics simulations to study the structure and dynamics of spherical high den-
sity lipoprotein (HDL). They studied both, a lipid droplet without the apolipopro-
tein A-I (apoA-I lipoproteins) and the full HDL particle including two apoA-I
lipoproteins molecules surrounding the lipid compartment as shown in the fig-
ure . Dark gray stands for POPC headgroup and dark brown for PPC head-
groups, light gray for POPC hydrocarbon chains, light brown for PPC chains, light
orange for CHOL OH-groups, bright yellow for cholesterol body, dark orange for
esterified cholesterol (CE) ester bond, orange for CE ester body and chain, dark
green for TG ester bonds, and bright green for TG chain. In HDL, proline residues
in apoA-I lipoprotein sequences are in green. They inferred that the hydrophobic
residues of apoA-I lipoproteins interact with the lipid tail groups and the choles-
terol molecule present in the HDL. These specific bindings restrict the apoA-I
lipoproteins to the outer surface of HDL.

Our work is a first step toward modeling the configuration of the charged
apoA-I lipoproteins on the surface of mature HDL. We consider charged loops
that are inextensible and are endowed with bending stiffness. The loops are re-
stricted to stay on the sphere but they are allowed to float along the surface. These
assumptions capture the essential features exhibited by the apoA-I lipoproteins in

the mature HDL.



Figure 1.5: Example of a protein-free lipid droplet (left), its molecular distribution
shown through a slice across the particle (middle), and HDL including
two apoA-I lipoproteins (right) due to Vattulainen et al. [7].

1.2 Polyelectrolyte Nano Containers

The adsorption of polyelectrolytes on oppositely charged surfaces is of cen-
tral importance in colloidal science. There is a growing interest in methods for
fabricating coated nanoparticles and polyelectrolyte shells by the sequential de-
position of polyelectrolyte chains on tailored surfaces. Decher [22H25] devised
techniques of depositing alternate layers of opposite charged polyelectrolytes on
flat support. Caruso et al. [26] and Gittins and Caruso [27] fabricated polyelec-
trolyte shells by depositing the polyelectrolytes on dissolvable spherical core.

Sukhorukov et al. [8] synthesized thin organic films by the stepwise depo-
sition of polyelectrolyte chains on dissolvable spherical cores as shown in the
tigure Shells that remain after core dissolution have been used as containers
for macromolecules, microcarriers, and microreactors.

Processes of adsorption of single charged polymers onto a surface occur in
a wide variety of applications and have been studied extensively. Goeler and
Muthukumar [28] combined a variational procedure to probe the adsorption of
single polyelectrolytes on cylindrical and spherical surfaces. In their unified de-
scription for adsorption of polyelectrolyte chains onto planar and curved surfaces,
Cherstvy and Winkler [29] highlighted the role of surface curvature on scaling

laws for adsorption. A comprehensive list of the theoretical work on this topic



Figure 1.6: Scanning electron microscope (SEM) micrographs of melamine
formaldehyde (MF) particles coated with nine layers (Sodium
poly(styrene sulfonate) and poly(allylamine hydrochloride)) prior to
the dissolution of the core (a) and of the remaining polyelectrolyte
shell after removal of the core at pH 1.3 (b). The scale bar corresponds
to 1 nm. This figure is taken from work of Sukhorukov et al. [8].

appears in the review articles by Netz and Andelman [30], Dobrynin and Rubin-
stein [31], and Messina [32]. Monte-Carlo simulations conducted by Kong and
Muthukumar [33] confirm the theoretical predictions of scaling laws of adsorp-
tion. Results from other simulations are summarized in the review article by
Messina, Holm and Kremer [34].

Stoll and Chodanowski [9] used Monte-Carlo simulations to study the ad-
sorption of a semi-flexible polyelectrolyte onto a oppositely charged rigid sphere.
They investigated the adsorption/desorption limit and conformation of the ad-
sorbed polyelectrolyte while including the effect of charge density of the poly-
electrolyte, its bending rigidity, and the ionic concentration of the solution. The
interplay between these effects govern the adsorption limit and the confirmation
of adsorbed chain on the sphere. In the figure configurations of the ad-
sorbed polyelectrolyte chain for different values of the stiffness of the chain and

ionic strength of the solution are shown. The ionic strength of the solution, via



C; [M] 0 0.01 0.1 0.3 1

Fang
[kaT/deg?)

| 0.0005

0.001

0.005

0.01

0.02

Figure 1.7: Effect of ionic concentration of the solution and bending stiffness of the
polyelectrolyte on its adsorption onto the sphere. The ionic strength
of the solution and the bending rigidity of the chain are respectively
denoted by C; and «x4g. This figure is due to Stoll and Chodanowski

[9].
the screening effect, governs the electrostatic interaction of the chain with itself,
with the solution and with the sphere. The bending stiffness and the electrostatic
self repulsions among the monomers of the polyelectrolyte drives it to adopt ex-
tended conformations and limit the number of monomers that may be attached
to the sphere. In contrast, the attractive interaction between the polyelectrolyte
monomers and the sphere induces the chain to undergo a structural transition
and attach to the sphere. The effect of curvature energy is demonstrated by in-
creasing the intrinsic rigidity, in which case a transition from a disordered and
strongly bound complex to a situation where the polymer touches the particle
over a finite length, while passing by the formation of a more ordered, solenoid
conformation.

The majority of the existing literature on polyelectrolyte adsorption focuses



on single chains because intrachain interactions dominate interchain interactions
in most systems of importance (Dobrynin and Rubinstein [31]).

Although our model consists of two charged closed curves, our frame work
can be easily specialized to yield the equilibrium and stability condition for a
single, open, charged curve. However, our model is unable to handle the situation
where a portion of the curve is allowed to leave the surface of sphere, as shown
in some of the cases in the figure

A brief outline of the following chapters is as follows. In we
provide brief description of the differential geometry of space curves and the ter-
minologies that are commonly used in the literature. In[chapter 3} we describe the
main framework of our model. We introduce the necessary geometrical quanti-
ties, the notation, and the assumptions. The first and second variation conditions
satisfying the energy stability criterion are presented. In we apply the
framework developed in to a special case where we characterize the in-
teraction of two uniformly charged loops that have the same length and material
parameters. The trivial equilibrium solution to that special problem is presented.
Bifurcations from that trivial solution are identified and associated stability crite-
ria are obtained. Explanation of how the geometric and material parameters effect
the stability of the trivial solution are provided. In we solve the equi-
librium equations derived for the special case in|chapter 4 numerically and obtain
the non-trivial equilibrium solutions. In we provide the summary of
our results and future directions of our work. For completeness, Appendix con-
tains detailed accounts of the calculations that provide the foundations for our

analysis.

10



CHAPTER 2 DIFFERENTIAL GEOMETRY OF

CURVES

In this chapter, we provide some useful tools to describe a curve in 3-dimensional
space and key references for comprehensive understanding of the subject. The
material presented in this chapter is adopted from the book titled Differential Ge-
ometry of Curves and Surfaces [39] by Professor MP do Carmo.

A parameterized curve is a differentiable map r : I — R3 that takes a one
dimensional variable ¢ € I as an input and yields a 3-dimensional output r(t) €
R3, where I is a subset of R. At each point of the curve, an orthonormal basis also
called frame of the curve can be associated that describes how the curve evolves

in the space. Below are some of the useful frames that are commonly used.

2.1 Frénet Frame

For a space curve parameterized asr : I — R3, tangent vector, normal vector,

and binormal vector defined respectively as

() = 1) N(t):ﬁi—&, and B(t) = T(t) x N(t), (1)

at each point r(t) form an orthogonal basis called Frénet -frame which was given
independently by two French mathematicians Jean Frédéric Frénet [35] and Joseph
Alfred Serret ([36], [37]).

Two scalar quantities that characterize a curve in space, curvature and torsion

of the curve, are given as

_T'®)] _ (1) x (1)

_ N'(t)-T(t) (' x 1)
D=0 T T PoP

and T =000 T W0 <O

(2.2)
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respectively. While curvature x measures the change in direction of the unit tan-
gent T, torsion T measures tendency of the curve to deviate out of its current
plan which is spanned by vectors T and N. The derivative of T, N, and B can be

written in terms of these vectors, curvature x and torsion T as
T' =«|f'IN, N = —«|¢|T+7|f|B, and B’ = —1|f|N. (2.3)

These relations are also called as Frénet -Serret formula or structure equations.
In mechanics, it is a standard practice to use arc-length parameterization of
the curve instead of an arbitrary parameter ¢ as used in the above paragraphs. Let

a curve of length L be parameterized with arc-length s € [0, L] in which case,
¥ (s)| = 1. (2.4)

which is a common knowledge in the literature and is referred to as unit speed

curve. Now, using this parameterization, the relations (2.1, (2.2), and (2.3)) sim-

plify as
T/
T=r7, N:|T’|' and B=T XN, (2.5)
. (1‘/ X r//)
K = |T/| = |1’//|/ and T:N/.T:T, (26)
and
T'=xN, N =-—«T+71B, and B = —1N, (2.7)

respectively, where the derivatives are taken with respect to arc length s. The

Frénet -Serrate relation (2.7) is also written in a matrix form as

/

T 0 x 0 T
N| =|-«x 0 7 N
B 0 -1t 0 B
Frénet frame fails to describe a curve when the tangent ¢ is a constant such that

T’ = 0 in which case, the normal vector N is arbitrary.
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2.2 Darboux Frame

Consider a surface S and an arc-length parameterized curve r on it. At each

point of the curve, we find that
¢ Unit tangent to the curve, t = r,
e Unit normal to the surface, n, and,

¢ Tangent-normal vector g = t x n which is tangent to the surface S and

normal to the curve r

form an orthonormal frame {#,1,¢} known as Darboux frame which was pro-
posed by French mathematician Jean Gaston Darboux [38].

Differentiating the relation |#/| = 1 with respect to arc length s yields
¥ =0, (2.8)

which implies that the total curvature of the curve, ¥ = #’ is in the plane formed

by vector n and g and can be written as
k =1" = K,n+Keg. (2.9)

The quantities k, and x, are called normal curvature and geodesic curvature of

the curve r on §, respectively. A curve on the surface S is geodesic if k¢ = 0. Thus,

geodesic curvature measures how far away is the curve from being a geodesic.
Derivative of the Darboux frame vectors can be written in similar fashion as

the Frénet -Serret formula described in (2.7) as

/

t 0 Kn Kg t
n = —® 0 -7 n |,
g —Kg —Tg O g
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where T, is called geodesic torsion of the curve. Given a Darboux frame {t,#n, g},

the scalar quantities x;,, k¢, and Ty can be derived as
kn=—n'-t, Kke=t-g and T,=-n-g. (2.10)

The normal curvature x, depends only on the shape of the surface S and the
direction in which the curve is traveling on it. Following this argument, Darboux
frame naturally encodes the information about the shape of the surface. In con-
trast, the Frénet -Serret frame has no such information. Therefore, for describing
a curve that is constrained to a surface, Darboux frame is a more suitable choice

over Frénet -Serret frame.

2.3 Description of a curve constrained to a sphere

In this section, we show how the Darboux frame described in the previous
section specialize in the case where the surface S is a sphere. Without loss of
generality, consider a sphere of radius R with origin being center of the sphere.

Let C be a curve of length L constrained to S which can be parameterized as
C={r:r=Rn(s),0<s </}, (2.11)

where s is the arc length (dimensionless) which is obtained by scaling the arc
length with radius R and ¢ = % is the dimensionless length of the curve, and n is
the unit normal to the surface of the sphere & pointing outwards. So, in the par-
ticular situation where surface is a sphere, the position vector of the curve r and
the normal to S, Rn coincide. The Darboux frame vectors ¢ and g, respectively
are given as

t=n" and g=rn'xn, (2.12)
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where the derivatives here, and henceforth in this section are with respect to the

dimensionless arc length s. The total curvature of the curve C is given as

1 dr #”

The normal curvature, geodesic curvature and the geodesic torsion are given as

1dn n' -n 1
__ldn __1 2.14
Kn R ds t R R’ ( )
1 dt n' - (n' xn)
= g=_—_\" 2" 2.15
" T Ras '8 R -
1
Ty = —En’ -g=0, (2.16)

where 1’ is derivative of n with respect to dimensionless arc length s. We conclude

from (2.16) that the geodesic torsion of a curve constrained to a sphere is 0.
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CHAPTER 3 VARIATIONAL FRAMEWORK FOR

CHARGED CURVES ON A SPHERE

3.1 Introduction

In the present work, we consider a system consisting of two semi-flexible,
charged loops that are constrained to lie on a sphere. Semiflexibility implies that
persistence length of the polymers represented through these charged loops sub-
stantially exceeds the length of its constituent monomers. For such polymers, the
energetics of bending decouples from the minutiae of the chemical structure and
can thus be described to good accuracy by a continuum-level elastic model. The
literature contains many relevant theoretical works on elastic loops constrained
to spheres. In a pioneering work, Langer and Singer [40] used a variational ap-
proach to study the shape of a closed, inextensible loop restricted to a spherical
surface. They considered a simple model in which the bending energy per unit
length of the loop is proportional to the square of its curvature. Working with a
generalization of that energy, Arroyo et al. [41-44] analyzed the existence and sta-
bility of loops on a spherical surface and determined the conditions under which
an open loop closes into a loop.

In an effort to model a DNA molecule that exhibits non-local, long-range
interactions between its base pairs, Biton et al. [45] explored the three-dimensional
equilibrium configurations of a electrically charged loop endowed with bending
stiffness. They developed a numerical method that deals effectively with the full
Jacobian of the equilibrium configuration that stems from the nonlocal self energy
of the system. Hoffmann and Manning [46] studied the equilibrium shape and

stability of a open loop that is constrained to lie in a plane an is endowed with
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bending stiffness and repulsive self energy, focusing on the challenges related to
the singularity that is generated by the self energy of the loop.

The simplest mathematical expression for the self energy of a closed loop of
length L with distributed charge density p and arclength parameterized position
vector r is proportional, by Coulomb’s constant, to the divergent integral

L /L 5 5

% /0 /O %. 3.1)
Renormalization techniques have been used to circumvent the divergence arising
from the interaction potentials. Fukuhara [47] considered a discretized version of
that is bounded. Birman and Lomonaco [48] replaced the distance |r(s) —
r(5)| in the denominator of the integrand in by |r(s) —r(5)| + €, with e > 0,
to obtain a finite self energy. Other regularization approaches include subtracting
from an equally divergent term or multiplying the integrand of by a
factor that decays sufficiently rapidly as 5 — s. In a series of papers, O’'Hara [49-
51] used the subtractive approach to calculate the self energy of charged knots.
Kushner and Sullivan [52] used a multiplicative factor to regularize the inverse
power-law that governs the self energy of a charged Mobius band. Hoffmann and
Manning [46] used a mollifier with decay such that the self energy of a charged
rod is mollified up the second variation of the energy functional.

Building on the works mentioned above, we present a variational framework
for studying the interaction between two charged loops that are constrained to
a sphere (Figure [3.I). We restrict attention to inextensible loops. Moreover, for
simplicity, we follow Langer and Singer [40] by endowing each loop with bend-
ing energy with density proportional to the square of its curvature. We limit our
study to situations in which the self and interaction energies of the loops are re-
pulsive. Moreover, we use multiplicative approach to regularize the self energy
of the curves for uniformly charged loops in On the basis of these

simplifying assumptions, we explore the competition between bending resistance
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and repulsive interactions, in conjunction with the geometric constraints, to de-
termine energetically preferred equilibrium configurations, the goal being to to
explain how these various effects influence the stability of equilibrium config-
urations and thereby provide insight on the equilibrium phenomena that occur
subsequent to adsorption of polyelectrolyte on the curved surface. Although we
do not study the equilibrium shape of a single charged polyelectrolyte deposited
on a sphere, our framework can also be applied to such problems.

The remainder of this chapter is organized as follows. The necessary geomet-
rical quantities, notation, and assumptions are introduced in The first and
second variation conditions satisfying the energy stability criterion are presented

in Summary of this chapter is provided in

3.2 Preliminaries

Consider (closed) inextensible loops C; and C, of respective lengths L; = R4
and L, = R/, confined to a sphere S of radius R, as illustrated in Figure We
suppose that each loop is endowed with a bending energy with density propor-
tional to the square of its curvature and with a self energy with density dependent
on the distance between pairs of its points. Additionally, we assume that interac-
tions between the loops are characterized by an energy with density dependent

on the distance between pairs of their points.

3.2.1 Kinematics

Without loss of generality, we place the origin at the center of the sphere &

and parameterize each loop C; by

Ci: {TIT:Rni(S),OSSS&'}, (32)
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Figure 3.1: Schematic of two inextensible closed loops C; and C; of length L =
R¢y and Ly = R/, confined to a sphere S of radius R. The Darboux
frames {t,n, g} of C; and C, are also depicted.

where s represents (dimensionless) arclength on C;, i = 1,2, and n; is normal to

S, directed away from the origin, and three-times continuously differentiable. As

consequences of this smoothness assumption, we have the closure conditions

1i(0) = mi(6), m(0) = m(£), n/(0) =nf/(£), and u!(0) =n((), i=1,2,
(3.3)
where a prime denote differentiation with respect to s on C;, i = 1,2. To ensure

that each loop C;, i = 1,2, conforms to S and is inextensible, we stipulate that
n] =1 and |n}|=1. (3.4)

From (3.2), the vector curvature x; of each loop C;, i = 1,2, is given by

1

<1l (3.5)

It is convenient to decompose the vector curvatures into geodesic and normal

components. To achieve this, we adopt the convention that the curvature of S is
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negative, in which case each loop C;, i = 1,2, has normal curvature —1/R and its

vector curvature «; can be expressed as

1 n;
K; = E(I —n; ni)nf' - El (3.6)

Differentiating (3.4); with respect to arclength, we see thaton C;, i = 1,2,
n.-n; =0. (3.7)

By (3.4) and (B.7), the triad {n},n; n} x n;} provides an orthonormal basis — its

Darboux frame — on C;, i = 1,2. Defining t; and g; on C;, i = 1,2, by

!
ti—nl’

and g, =t xmn; (3.8)
we thus recognize from that ¢/ can be expressed as
ti=n = —n— kg (3.9)
where k; determined according to
ki=-n! -g=—-t-g=g "t (3.10)

is the dimensionless geodesic curvature of C;, i = 1,2. Since g;-t; = 0 on (;,
i =1,2, we see from (3.10) that
gll = k;t;. (3.11)

Since g/ -n; = (gi - n;)' — gi - n} = gi - t; = 0 and the geodesic torsion of C;, i = 1,2,
is g/ - n;/R, (3.11) is consistent with the established fact that the geodesic torsion
of a curve on a sphere must vanish. When augmented by given choices ¢;(0),

n;(0), and g;(0) of t;, n;, and g;, we may integrate the system

t; = —kig,' —n, " = t;, gz/ = kit;, (3.12)

1

to uniquely determine the shape of C;,i = 1,2, on S.
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3.2.2 Energetics

We assume that the total energy £ of the system consisting of the loops C;

and C; can be expressed as a sum,
E=E+E+E&, (3.13)

of contributions &g, &, and & that account respectively for bending energy, self
energy, and interaction energy. For simplicity, we stipulate that the extent to
which C;, i = 1,2, resists bending is characterized by a single constant bending

modulus y;, so that & has the particular form
Evlm,m) = L / e (s)Pds + 22 ® s (s) 2 ds. (3.14)

It is natural to decompose &g into terms associated with the geodesic and normal
components of the vector curvature «; of each loop C;, i = 1,2. With reference to

(3.6) and (3.9), this leads to the representation

2 1 1 2
Eplny, ny| = %/0 x1(s) + Enl( )) ds + sz xa(s) + EnZ(S)‘ ds
RS
2R
_ [ 2 [21200 qs - P10 T 12l
=% Jo ki(s)ds + == 7R kz(s)ds R (3.15)

where the term —(p1¢1 + p2¢2) /2R, being a constant, is of no consequence. Fur-

thermore, we stipulate that £ has the form

Eslny, ny]
_ All [1/ 5) — 1 (5))) dsds+@/€2/ﬁ2 (|n2(s) — n2(5)) ds ds,
(3.16)
and that & has the form
£, 1] = Au/ / h(|my(s) — ma(5)|) dsds, (317)
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where A1q, Ay, and Ajp are constants with dimensions of energy per unit area,
f is the dimensionless self interaction energy density and & is the dimensionless
interaction energy density between the two loop. In general, the function f and
h may depend explicitly on s and § (through, for instance, the difference |s — 5|).
This would be the case, for example, if the loops were non uniformly charged.
However, we suppress such dependence until further notice.

Our focus is on situations where all interaction energies are repulsive. Con-
sistent with this, we restrict attention to configurations of the system in which
contact between the points of a single loop or between points of the two loops can-
not occur. This obviates any need to introduce unilateral constraints that would
otherwise be necessary to eliminate the passage of either loop through itself or of

one loop through another.

3.2.3 Dimensionless parameters

We choose a scaling in which lengths are measured relative to the radius
R of the sphere S to which the loops C; and C; are confined and energies are
measured relative to the bending energy y1/R that would be stored in C; if it
were of length 277R and coincident with a great circle of S. On this basis, we

identify two dimensionless measures,

L L
61 = il and 62 = KZ’ (3.18)

of the length and four dimensionless measures,

R3A R3A R3A
y=12 2 e A2 g = 2212 (3.19)
M1 H1 H1 "1

of energy. Moreover, we define the dimensionless total energy F of the system of

two loops C; and C; by

]—‘zl:l—g:}"BJrferfI, (3.20)
1
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where the dimensionless counterparts, F3, Fs, and F, of the bending energy, self

energy, and interaction energy are given by

%3
|11, 1] / k2 ds + /0 k%ds, (3.21a)

0 rly by plo
Fmna] = 5 [ fllms) = m)) dsds+ 2 [7] flma(s) - na()]) s,
(3.21b)

and

A
Film,m) =% /0 /O h(|m(s) — n2(5)|) d5 ds. (3.21¢)

3.3 First and second variation conditions

Following Ericksen’s [53] treatment of elastic stability theory, we focus on
obtaining equilibrium configurations of C; and C,, as characterized by n; and ny,

that are stable in the sense that the first variation condition

S0 F[ny,nz](v1,02) =0 (3.22)
and the second variation condition

82 Flny, ny)(v1,02) >0, (3.23)

must both hold for all variations v; = én; and v, = ény of ny and n, that, consis-

tent with the constraints (3.4), satisfy
ni-v;=0 and n-v,=0, i=12. (3.24)

In so doing, we assume that the variations v; depends periodically on arclength

on C;, i = 1,2. Moreover, we emphasize that n1 and n, in (3.23) must satisfy (3.22).
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In appendix |A} we derive the first variation condition (3.22) for F defined by
(3.20) and find that it takes the form

b
0F [n1,m)(v1,v2) = /0 (n}" + Ain))" + Aimy — Cag[n, 1] — xe[ny, n2]) - v1 ds
b
T /0 (v(ny' + Aany) + Aony — Ooglna, n2] — xelna, n1]) - vpds
o]y — (] + ) - vr g+ vl - 0h] — v(ny + Aanh) - va| (2, (3.25)

where A; and A; are Lagrange multipliers that are needed to ensure satisfaction

of (3.4); and (3.4),, respectively, and ¢ is defined according to

¢ .

[ fm - m(as, i=j,

@ln,n;] = . , L,j=12, (3.26)
_/]h(ni—n]-(§))d§, ] 75],

0

with the integral kernels f and h being given by
d
flo) = YO

0 _ dh(o) 0
-4 L and k(o) = ¥ (3.27)

o=lel €] e |o-q Il

Applying the fundamental theorem of the calculus of variations to the first varia-
tion condition (3.22), we obtain equilibrium conditions in terms of a coupled pair

of Euler-Lagrange equations,

(n)’ + \ny) + Ay = Qiglny, m] + xelny, na),
, (3.28)
v(ny' + Aany) + Agny = Qoglng, my] + xeplna, ni),
and the boundary conditions
ool (" A ) o [ = 0
ny - vilgt — (ny +Amy) - o]yt =0,
(3.29)

ny 0| — () + Agmh) ool @ =0,

Crucially, (3.28)1 and (3.29); hold on C; but (3.28), and (3.29), hold on C,. Physical

meaning of each of the terms involved in the Euler-Lagrange equations (3.28) is
summarized in the table
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3.3.1 Boundary conditions

For smooth, closed curves, the boundary conditions are trivially satis-
tied. However, for open curves, the terms in are simplified depending on
the type of boundary condition. For Dirichilet (first-type) boundary condition for
curve C;, where the value of n; is specified at the end points, the variation in n; at
the end points is zero which yields v;(0) = v;({;) = 0. Therefore, the requirement

that all the admissible perturbations v; satisfy (3.29) yields
n!(0) =n!(¢;) = 0. (3.30)

In other words, the curve C; parameterized by n; that extremizes the dimension-
less energy (3.20), when imposed with Dirichilet boundary condition yields zero
curvature at the end points. This conclusion hold true even in the case where no
interaction is present, i.e., s = J; = 0. Essentially, a bending energy minimizing
curve that satisfies Dirichilet boundary condition, has zero curvature at the end
points.

For Neumann (second-type) boundary condition for curve C;, where the
value of the derivative n] is specified at the end points, the variation in n; at
the end points is zero which yields v/(0) = v/(¢;) = 0. Therefore, the requirement

that all the admissible perturbations v; satisfy (3.29) yields

ni'(0) = —A;(0)nj(0) and ni"(4;) = —A;(4)mi(L:) (3.31)

i i i

which is a force balance at the end points between the bending resistance and the
reactive tension developed in the curve to maintain inextensibility.
Henceforth, our work only involves smooth, closed curves referred to as

loops which trivially satisfy the boundary condtions (3.29). In appendix [A}, we
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Table 3.1: Terms in the equilibrium equation (3.28) and their significance.

Term Dimensionless force

An; Adhesive force acting on the curve C; to restrict it to S.

(Ain! + Aln!) | Reactive tension in the curve C; to ensure inextensibility .

—Cip(n;, n;] Force acting on the element ds of C; at arclength s against

repulsion by all the remaining elements of C; .

—X@(ni,njl Force acting on the element ds of C; at arclength s against

repulsion by all the remaining elements of Cy,i,j=12i £j.

also derive the second variation condition (3.23) and find that it takes the form

4 2 2
[ el P = Mafot P+ (A0 + Avor — 181, m) (o, 01)
— x0[ny, np)(vy,v7)) - v1) ds
b 2 2
+ /0 (v(log|* = A2|v3]) + (VAZ03 + Agvy — (282, m2] (2, 02)

— x8[n,n1](v2,v1)) - v2)ds > 0, (3.32)

where ¢ is defined according to

1’[111',11]'] (7)1',1)]'> = ' , L,j=1,2,

i _ -

— [ =) (0= () A, i A

(3.33)

with the integral kernels F and h being given by

1,df(e) , d (1df(o)
Flo|=—(—(1+ —(-——%)0o® 3.34a
! Q< do de<e do >Q Q))ezm (3:342)

and

1 /dh(o) d /1dh(o)
Hljp|=-|——%14+—(—F)o® . 3.34b
o= (a0 oy an o9l (0:340)
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3.4 Limitations of our model

One of the major limitation of our framework is that it can not account for
thickness of the polyelectrolytes and bio molecules such as peptides, proteins
and DNA. A more realistic model for such entities will involve rods that consist
of a space curve representing its centerline and a material frame at each point
on the centerline that contains information about the cross-section of the rod.
Additionally, twist in the rod can describe the effect of helicity of the molecules
which our space curve based model is unable to incorporate.

Moreover, since a rod has finite thickness, overlap between two elements of
the rod will have finite interaction energy, assuming that the charges are concen-
trated along the centerline of the rod. Therefore, a model consisting of rods can
capture intersections in the molecules. In contrast, our model that involves space
curve for which intra-loop or intra-loop overlap of the elements will result in blow
up of the interaction energy. Hence, our model is not equipped to capture any
kind of self-intersection or the intersection between two molecules.

Flexibility of elongated molecules are usually described in the terms of per-
sistence length. Short range atomic and molecular level interactions lead to the
bending rigidity and the notion of persistence length [56]. In the case of charged
polymers, the long range nature of the electrostatic interactions modifies the value
of the persistence length and effective bending rigidity as described in the semi-
nal work of Odijk, Skolnick, and Fixman (OSF) [57]. In our model, the bending
energy is characterized through a single, constant bending modulus which means
that the length of the curves we consider are smaller than their persistence length.
We do not consider any thermal fluctuation in our model. Moreover, we consider
bending energy and intra-loop interaction energy as two independent effects. We
do not derive effective bending rigidity due to intra-loop repulsion between ele-

ments of a curve.
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3.5 Conclusion

We have used a variational model to study the equilibrium configuration
and stability behavior of two charged loops constrained to a sphere. Our model
involves five material parameters: the bending rigidity of the two loops y; and
12, the self energy coefficient of the two loops Aj; and Aj and the interaction
energy parameter Ajp between the two loops. In combination with the length of
the two loops L; and L, and radius of the sphere R, these quantities give rise to
six dimensionless parameters: the ratio of the bending modulus p = /1, the
ratio of self energy coefficient and the bending modulus scaled with the radius
of the sphere {1 = A1 R3/u1,05 = ApR3/uq, the ratio of the interaction energy
coefficient and the bending modulus scaled with the radius of the sphere x =
A1pR3/uq and the ratio of the length of the loop to the radius of the sphere
L =Li/Rand [, = Ly/R.
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CHAPTER 4 SPECIALIZED APPLICATION

4,1 Introduction

In this chapter, we apply the framework developed in developed in
to a simplified problem to gain more insight into how the competition between
various energy drive the equilibrium configuration and its stability. In we
characterize the interaction of two uniformly charged loops that have the same
length and material parameters. The trivial equilibrium solution to this special
problem is presented in Stability criteria for the trivial solution is identified
in §4.3| and the associated bifurcation analysis is obtained in Explanation
of how the geometric and material parameters effect the stability of the trivial

solution are provided in

4.2 Model

To acquire a partial understanding of how the effects of bending energy, self
energy, and interaction energy combine to influence equilibrium configurations
of the system of two loops, we consider the particular situation where the C; and

C; have the same length, bending moduli, and interaction parameters, so that
Li=Ly=L mpm=p=pu, and Ap=Ap=»A, (4.1)

and, thus are both geometrically and physically indistinguishable. With this sim-
plification, the general problem formulated in the previous chapter reduces to

one involving only a single dimensionless measure of length, namely

a=_— 4.2)
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and two dimensionless measures of energy, namely

R3A R3A
y =212

To ensure the existence of a trivial equilibrium solution in which C; and C, are

circular and lie in parallel planes, we assume that
0<a<l. (4.4)

In view of the stated assumptions, the Euler-Lagrange equations (3.28) spe-

cialize to

"

()" + Mn) + Any = Lolny, ny] + x@[n1, na),

(4.5)

"

() + Aany)' + Aoy = Lglng, mo] + xelng, n1),
Similarly, the second variation condition (3.32) specializes to
2T 12 ’o
/0 ([o7'[7 = Mloq |7+ (Mo1 + Aroy — §8[ny, my] (01, v1)
— x0[ny, np)(vy,v2)) - 01) ds
AP /2 -,
[ (0812 = Ao ) + (1505 + Agvz — £8lma, o] (02, v2)

— x8[n2,n1](v2,v1)) - v2)ds > 0. (4.6)

4.2.1 Interaction potentials

In an additional simplifying assumption, we take C; and C; to be uniformly

charged, in which case the general expressions for f and & specialize to

fle) =h(e) = -, (4.7)

while the allied quantities f and h defined in (3.27) and for F and H defined in
(3.34a) and (3.34b) are given by



self intersection ; inter-loop intersection

< - /

f, f, and F diverge h, h, and H diverge

Figure 4.1: Intra-loop and inter-loop intersections and the quantities that diverge
in the corresponding situations.

Each of these quantities diverges as ¢ — 0. These divergences stem from the
repulsive nature of the potentials f and & and embody our desire to penalize self
intersections of C; and C; and intersections between C; and C, which are described
in the figure From this perspective, the functionals £ and &; are analogous
to O’Hara’s [49] energy functional, which diverges when a curve intersects itself
and which O’Hara [50, 51]] subsequently interpreted as the potential energy of an
electrically charged loop, the Coulomb force of which is proportional to inverse
of the cube of the distance between points on the loop. Independent of any
divergence of the kind described in the previous paragraph, the situation p = 0
is encountered in the integrals (3.26); and (3.33); involving the kernels f and F
when the variable of integration coincides with the arclength at which ¢[n;, n;] and
¥[n;, n;](v;,v;) are evaluated, respectively. This kind of divergence is unphysical

and therefore warrants regularization. As § — s, n;(5) — n;(s) ~ (5 —s)ni(s) +
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n= 2a
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Figure 4.2: Example of a mollifying function M with compact support.
O|(5 — 5)?] and consequently,
flni(s) —mi(5)) ~ s —s|™ and  F(mi(s) —mi(5)) ~ |5 =5[> (49)

for 5 in neighborhood of s. To be effective, any regularization strategy must be
designed to account for the third-order singularity in the magnitude of its argu-
ment that is evident from (4.8) and (4.9). In this regard, it suffices to introduce a

mollifier M with compact support and with properties
M(|7]) >0 and M(|y]) ~5* as 7 —0, (4.10)

and replace the potential f by a regularized potential f of the form

F(1msls) — mi(s)1, 'S;') _ M('S;') e ! Sy =12 a1
Because |5 — s| € [0,27ta], we have normalized this quantity in the argument of M
with the factor 2a such that domain of the function M is [0, 7t]. A typical mollifier
M is shown in the figure

Since the variable of integration coincides with the arclength at which g[n;, ;]
and 9(n;, n]-] (v;, vj), i,j =1,2,1 # j, is evaluated only if C; and C, intersect and
such intersections are penalized as described above, there is no analogous need

to regularize interaction potential & and the allied kernels h and H.
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4.2.2 Regularized equilibrium equations

Granted that the potential f in (7) is replaced by f defined in (I1), the
Euler-Lagrange equations (4.5) and the second variation condition change to

"

(n{" + Mnh) + Any = {@[m, m1) + xe[n1, n2,

, (4.12)
(ny + Aony)' + Apny = {@[no, no) + xelno, m1,
where ¢ is defined by
plni,nil(s) = — (s fni(s) —mi(3))ds, i=1,2. (4.13)
¢ 0 2a

Similarly, the second variation condition (4.6) changes to

27ta B
/0 (|07 > = Mloq | + (Mo} + Aoy — {8[n1, n1) (01, v1)
— x®[ny,ny)(v1,v2)) -v1)ds
ma 0 /12 o 5
[ (0812 = Ao ) + (1505 + Agvz — EBlima, o] (02, v2)

— x8[nz, m](v2,v1)) - v2)ds 2 0, (4.14)

where ¢ is defined by

ZnaM(|§_s|

Hmi, ni)(v;,v;) = —/ o

O )F(ni—ni(s?))(v,-—v,-(s‘))ds‘, i=1,2. (4.15)

Whereas (£.12); and (4.12), are obtained by substituting ¢(n1,n1) in @.5); with
@(n1,n1) and @(ny,ny) in @.5), with @(ny, ny), is obtained by substituting
¥[n;, n;|(v;,v;) in with 8[n;, n;](v;,v;), i = 1,2. The mollified quantities are
obtained by multiplying the integral kernels f and F of the (3.26); and (3.33);

by M. As noted in the previous subsection, these modifications eliminate non-

physical divergences that arise due to definition of the self interaction potential

f.
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Figure 4.3: Circular loops C; and C; of dimensionless length 27ta, with 0 < a <1,
situated on opposing planes parallel to an equatorial plane of a sphere

S, of radius R, at respective altitudes Rv'1 — a? and —Rv/'1 — a?. The
vector field e describes the restriction to the equatorial great circle of
the outward unit normal to S.

4.2.3 Trivial equilibrium solution

Consider an equatorial plane P of the sphere S upon which the loops C;
and C, are confined, as shown in Figure Let {1,7,k} be a positively-oriented
orthonormal basis with k directed upward along the polar axis A of S. Then, e
defined by

s .S
e(s) = <cos E)t + (sm E)j, 0<s<2ma, (4.16)

represents the restriction to the equatorial great circle of the outward unit nor-
mal to S. We suppose that the loops are circles — denoted by C} and C; — of
radius Ra that reside in planes parallel to and separated from P by the distance
Ry/1—a2. The total energy of this configuration does not change on fixing one
loop and rotating the other loop by an arbitrary angle about .A. We may therefore

choose the quantities n} and n that parametrize C{ and C; to be of the form

ni=n and n; = Qn, (4.17)
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where n is defined such that
n(s) = ae(s) + V1—a2k, 0<s<2ma, (4.18)
and, Q defined by
Q(¢) =cosp(1®1+7®7) —sing(1®@7—7®1) —2k®k, 0<y <21 (4.19)

is the orthogonal tensor that transforms any vector by simultaneously reflecting
it across A and rotating it counterclockwise by ¢ about .A. The elementary prop-

erties of Q that are useful for further calculations are
|Qm|=|m| and Q'Q=1. (4.20)

We substitute the particular choices of n; and n, in the equilibrium equa-
tions (4.12) and make simplifications by applying Q' to second of the equations
obtained by using (4.20), leading to

) e (e 5 —s|\ n—n(35) )
(0" +Nin') + A = [T M(EL >|n—"(§>|ds
2ty — Qn(s)
x| mds’
(n"'+)t /) +A2n_c/27m ‘SZ—QS| |
2a g — Qn(§) -
o Qn(ﬁ)!ds’ )

where A7 and A7 are the Lagrange mult1p11ers, as yet undetermined, needed
to ensure the circular loop C;, i = 1,2, is configured in consistency with the

constraints (3.4); and (3.4),, respectively. Next, since

Q' (¢)n(s+2a¢) = Q(¢)n(s), 0<s < 2ma, (4.21)

we may use the change of variables 5 — 5+ 2a¢ in the second integral on the
right-hand side of (4.21), to find that, since n is periodic on the interval from 0 to

27ta,

Znaﬂ _ 2(”4'4’)“% . Znam )
/ |n_QTn(§)|ds_/24m |n_Qn(S_)|ds—/O  on(] 9 622
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Using (4.22) in (4.21), and subtracting the resulting equation from (4.21);, we

obtain the condition
A" + (A0 + Ajn = Ain” + (M) 0’ + Adn. (4.23)

Computing the dot product with k on both sides of (4.23) while noting from (4.18))
that k- n' =0 and k- n” = 0, we find that

A= A5 =A. (4.24)

Similarly, computing the dot product with n” on both sides of (#.23), noting that
differentiating (3.4); twice and using (3.4), yields n - n” = —1 and differentiating
(B.4), yields n' - n” = 0, we find that Aj|n”|* — A} = A3|n"|*> — A} and, thus, by

(4.24), that
A=A = A (4.25)

In view of (4.22), (4.24), and (4.25), the equilibrium conditions (4.21); and

(4.21), are equivalent. We may thus use either of these conditions to determine A

and A. Using (4.24) and (4.25) in the left-hand side of (4.21);, we get

ma /|5 —s|\ n—n 2t —Qn(s) .
" N/ . _ =
(n"" +An") + An @/0 M( P >|n—n ds )(/ = Qn(s) |ds 0.
(4.26)

Bearing in mind that the dimensionless geodesic curvature of C7 is given by

/1 — 42
k= 1a “ (4.27)

we obtain the identity

1
" NI Y
(n +/\n)+An—)\t+<A—/\+a—2)n—

where t and g given by
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denote the tangential and geodesic elements of the Darboux frame for C;. With
the change of variables 7 = |5 —s|/2a, we next find that the integrals in (4.26));

can be expressed as

27m |S—S| 27a n— Qn § ~
g/ |n dS+X/ |n—Qns‘|OlS
4

:<§/O7TM(;7)csc77d77+ / \/W)

g T _)(a cos 17d17
+(2/0 M(n) cscnydy 5 /0 T eosty g. (4.30)

Using (4.28)) and (4.30) in (4.21);, we thus obtain a reduced system

\

A =0,

=0,

A—A + — — —/ n)cscydny — / /—1 =2 co? , (4.31)

1 7 (7 xa® cos?dy
a—2+§/0 M(i7) escn dyy 2/0 5 =0,

1—a?%cos?y

Vs

for A and A. By (4.31);, we see that A must be uniform. With this being the
case, we see from (4.31), that A must also be uniform. Finally, solving the linear

systems (4.31), 3 for A and A, we find that

a)(/
31 a2 cos? 7
1

3 7
_ 6 Xa
=273/, M(q)cschnJr > /0

cos? 17 dy

4.32
/1 —a2cos?y (%52

The reactions needed to ensure that the loops adhere to S are therefore equal
and given by uA /R?. Similarly, the reactions needed to ensure that the lengths of
the loops are preserved pointwise are equal and given by uA/R?. From (32);,
we see that the adhesive reaction depends only on the common dimensionless
radius a of the loops and the dimensionless measure x of the importance of the

repulsive interaction between the loops relative to their bending stiffness. From
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Figure 4.4: Plots of the Lagrange multipliers A/x in (4.32); and reduced multi-
plier A/x in versus the dimensionless radius a of the circular
loops. A is the dimensionless adhesive force between the curve and
the sphere and A is the dimensionless tension developed in the curves
due to repulsion between the two loops. Both the quantities monoton-
ically increase with a.

(4.32)1, we see that the ratio A/ depends only on a and, moreover, that

A A 1 d /A
}Na as alo, Ewl— as atT1l and %<E)>O for O0<a<l.

(4.33)
We thus infer that the magnitude of the adhesive reaction increases monotonically
with a for 0 < a < 1. From (4.32),, the tensile reaction encompasses several
competing effects. The first term, 1/a> on the right-hand side of (32), is the
contribution to the reaction associated with ensuring that the action of bending
a straight segments of length 27tRa into a circular loop of radius Ra involves
neither local elongation nor contraction. Since the integral in the second term
on the right-hand side of (4.32), is independent of 4, that term simply produces
a uniform reaction proportional to the dimensionless measure { of the repulsive

self interactions of the loops relative to their bending stiffness. The final term on
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the right-hand side of (4.32), depends only on 4 and x and, thus, is analogous to
the only term on the right-hand side of (4.32);. To explore the properties of the

associated reaction, we therefore consider the reduced multiplier

. 1 g (7 xa® [T cos?ydy
A:/\——-i——/ M(n)cscnydy = / 4.34
215 ), Ml)esendy == | T alcosty (4.34)
Emulating the reasoning leading to (4.33), we see that
i, i d /i
%Na as alo, %Nl—a as aT1l, and %<%> 0 for O0<a<l.
(4.35)

We thus infer the magnitude of the reaction needed to ensure that the lengths of
the loops are preserved pointwise increases monotonically with a for 0 < a < 1.
Plots of A/x and A/x versus a for 0 < a < 1 are provided in Figure
These confirm our qualitative observations. For a2 — 0, the distance between loops
is maximized, meaning that the repulsive interaction between them diminishes.
Consequently, A and A both vanish as a — 0. Since A ~ 1/4? in this regime, the
tensile reaction is dominated by the bending resistance of the loops. For a — 1,
A~ (1—a)ytand A ~ (1—a)~!, from which we see that the reactions are

dominated by the interactions between the loops.

4.3 Stability analysis of the trivial solution

Given a dimensionless radius 0 < a < 1 of the loops and dimensionless

measures { > 0 and x > 0 of the repulsive intraloop and interloop interactions,

n;, Aj, and A;, i = 1,2, defined by (4.17)-(4.18), (4.24)—(4.25), and (4.32) determine

a trivial equilibrium solution to the specialized problem formulated in Section
We now explore the stability of the resulting family of solutions for different
combinations of those parameters.

Let v and v, denote variations of the trivial equilibrium configurations C7

and C; of the loops. Consistent with the symmetry of the trivial configuration,
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we stipulate that v; and v, differ only by a rigid transformation consisting of a
reflection across the equatorial plane P of & and a rotation, by some angle ¢,

about the polar axis A of S. It then follows that
v1=v and v, = Qu; = Qu, (4.36)

where n is given by (4.18) and, consistent with (3.24) and since, by (4.20), Qn - v, =
Qn-Qui =Qn-Quv =n-vand Qn’ -v, = Qn' - Qu; = Qn’ - Qv' = n’ - v/, the

variation v must satisfy
n-v=0 and # -o' =0. (4.37)

Using (4.36) and the expressions (4.17) for n] and n; in the stability condition
(4.14), recalling from (4.24)—(4.25) and (4.32) that the Lagrange multipliers A] =

A; = A and A] = A; = A are constant, we find that the trivial equilibrium

solution is stable only if for all admissible v, the inequality

[0 = AP+ (A — 2B, n)(0,0) — xtln, Qa0 Qo) - 0) s
27mta
+ [T (1Qo" P = AQo') + (AQo — £3(Qn, Qn](Qv, Q)
- X81Qn,n](Qv,)) - Qu)ds > 0, (439

holds, where #[n;, n;|(v;,v;) and 8[n;, nj](v;,v;), i # j, are defined in and
(3.33), respectively and the kernel F and H of the first and second of these func-
tionals are defined in (4.8),. We note that these functionals depend linearly on the
perturbation v.

Using the elementary properties of Q defined in (4.20);,
Q0" = [0"%, [QU*=[o'", and |Qu[* = |o]*. (4.39)
Also, we show in the (B.8) that

9[Qn, Qn](Qu, Qv) - Qu = 8[n,n](v,v) - v. (4.40)
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Furthermore, we impose the restriction on the rotation ¢ as follows. Let ¢, denote
the rotation ¢ for the n-th mode of the perturbation v. Among all the values of
¢n, the repulsive interaction energy between the perturbed curves n 4 ev and
Qn + ¢Qu, where ¢ is a small number, is minimized for ¢, = % Therefore, at
¢n = 7, the equilibrium configuration will first become unstable. Assuming this

choice of ¢, we showed in that
#[Qn,n](Qu,v) - Qu = ¥[n, Qn|(v, Qo) - v. (4.41)

Equation (4.39), (4.40), and (4.41) imply that the two loops contribute equally

to the bending energy terms, the inter-loop interaction terms, and the intra-loop

interaction terms, respectively in the left hand side of the stability condition (4.38).

Using (4.39), (4.40), and (4.41) in the stability condition (4.38), we obtain a reduced

condition as

2ma
/ (|0")? = A0 |* 4+ Alv|* — £8[n, n](v,v) - v — x®[n, Qn](v, Qu) - v) ds > 0.
0
(4.42)
The variation v can be represented by arclength dependent polar and az-

imuthal angles 6 and ¥ through
v = /1 — a20e — abk + apk X e. (4.43)
From (4.18) and (4.43), we see that
n-v=(ae+1—a2k)- (\/1—a20e — abk + apk x e) =0, (4.44)

and thus, that the constraint (4.37) needed to ensure that the variations do not
cause the loops to separate from S is met for all choices of 6 and ¢. Next, differen-

tiating (4.18) and (4.43) with respect to arclength and invoking the consequences

e-e =0, k- =0, kxe=uae, and ak xe = —e (4.45)
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of (4.16), we see that

n' v =ae - (V1—a2(0e+0e) —ab'k +a*yp'e —we) = a(\/1—a20 + a*y)|e|?
(4.46)
and thus, that constraint (4.37), needed to ensure that the variations do not cause

local changes in the lengths of the loops is met only if 6 and ¢ are related by

V1—a20+a*y =0. (4.47)

In view of (4.47), we may eliminate 6 from the representation (4.43) to yield

v = —a%y/ (e _ \/%k) + aye x k. (4.48)
—a

Granted that i admits the Fourier decomposition
P = 3;2 (cn cos % + dy sin %) (4.49)

we may use the expressions (#.18), (4.32)1, {#.32),, and (#.48) for n, A, A, and v

to convert the stability condition (4.42) into an inequality involving the Fourier

coefficients ¢, and dy, n = 2,...,00, and the dimensionless parameters 4, {, and

X:

(o]

Y (ch+dy) (Can(a) + Bu(a) — x) > 0. (4.50)
n=2

The steps leading to (4.50) and the definitions of a, and B,, n = 2,...,00, are
provided in the appendixB} From ([#.50), we see that the trivial equilibrium con-
tiguration corresponding to any particular combination of 0 < a2 <1, > 0, and

X > 0 is stable with respect to all variations v; and v, of the form (4.36) with v
determined by (4.48) only if the condition

X < an(a)l + Bula) (4.51)

holds for each mode n = 2,...,00. For each &, > 0and B, > 0, forn =2,...,00,

we identify the intra-loop and inter-loop interaction parameters ¢ and x as the
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abscissa and ordinate in the first quadrant of a coordinate plane. The trivial
equilibrium configuration involving two loops of radius a is unstable with respect
to variations of mode 7 if the ordered combination (Z, x) of { and y lies in the

portion of the first quadrant of the (¢, x)-plane above the straight line

Lau(a) ={(0,x):{=20,x =an(a)]+ pn(a)}. (4.52)

More generally, the trivial equilibrium configuration involving two loops of radius
a is unstable with respect to variations of mode # if the ordered combination (¢, x)
of ¢ and x lies in the portion of the first quadrant of the ({, x)-plane above the

lower envelope

L(a) ={(C,x): £ >0,x = min (an(a)l + Bn(a))} (4.53)

n<2<oo

of the family {£,(a) : n =2,...,00} of straight lines of the form (4.52). The curve

L(a) may be polygonal if the lines in the aforementioned family intersect at one
or more points.

To obtain more specific information concerning the coefficients «,(a) and

Bn(a) entering the stability condition (#.5I), we take the mollifier M to be of the

particular form

. 4
_ siny
M(n) = (Sim7 - e_7sim> (4.54)

used previously by Hoffmann and Manning [46] to calculate the self energy of
a charged rod. Importantly, the choice is consistent with the provision
that is needed to ensure regularization of the self energy up to its second
variation.

We list the &, and B, values for two representative values of 4, 2 = 0.6 and
a = 0.9 and mode n = 2...10 in the table We see that for a = 0.6, a; > a1
and B; < Biy1, 1 > 2. Therefore, the lower envelope £(0.6) can be constructed
by set of points of Pj, P>... P where P; is point of intersection of £, with x-

axis in the (g, x)-plane, i.e., (0, B2) and P, is the point of intersection between the
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Table 4.1: Coefficient &, and B, of the stability condition (¢.51) for 2 = 0.6 and
a=09and n=2...10, and for M provided in (4.54).

a=20.6 a=209
n oy Bn n Xy B
2 | 7.62 62.15 2 104097 | 1.6300
3 6.04 102.60 3 0.4321 3.3835
4 5.92 170.31 4 0.4501 5.8718
5 1590 | 259.10 5 104589 | 9.0618
6 5.89 368.20 6 0.4626 | 12.9517
7 5.87 497.39 7 0.4637 | 17.5435
8 | 5.86 | 646.58 8 | 0.4639 | 22.8390
9 5.85 815.73 9 0.4636 | 28.8394
10 | 5.84 | 1004.83 10 | 0.4633 | 35.5454

lines corresponding to consecutive modes, £, and £, with n > 2. For a = 0.9,
ay < a; and By < B;, Vi > 2. Therefore, the lower envelope £(0.9) is constituted
only by the line £,(0.9). In Figure we plot the portion of the lower envelope
L(a) over the interval 0 < ¢ < 10° for two representative values, a = 0.6 and
a=0.9, of aand modesn =2,...,6.

We argue that, depending the dimensionless radius 4, the stability plot con-
sists of one or more of line segments L,(a), n = 2,...,00 and accordingly the
dominant mode which determines the stability of the trivial solution changes
from n = 2 to the higher mode numbers in the corresponding regions. We ex-
plain the interchanging behavior for the dominant mode as follows. The bending
energy required to displace the configuration from equilibrium solution to a n-th
mode perturbation increases with n. However, interaction energy between the
two curves could lower as the mode number increases. It requires minimum ef-
forts to move the trivial configuration to the mode with lowest energy. Hence,
the dominant mode determining the trivial solution stability changes in different

regions.
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Figure 4.5: Stability plot for 2 = 0.6 and a = 0.9. For each a, the stability lines £,
are shown up to mode n = 6. For a = 0.6, the point of intersection
between L, and L, is denoted by P,. The stability curve £(0.6)
comprises of different line segments between these intersection points.
For a = 0.9, the stability curve £(0.9) is constituted only by mode
n=2.

We obtain the stability plot for different values of a4 from 0.02 till 0.98 in the
increment of 0.01 to show the effect of the dimensionless radius a on the stability
plot in the Figure As discussed, the stability line consists of one or more
modes depending on the value of a. Below the stability line for the corresponding
a, the trivial solution is stable.

Also, we conclude from the Figure that (i) as the value of a increases,
the parameter space in which the trivial solution is stable reduces. This can be at-
tributed to the fact that the loop C; and C; move closer to each other as the value of

a increases and thus repulsion between the loops increases, (ii) an increase in the

intra-loop interaction parameter ( stabilizes the trivial solution. For the uniformly
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Figure 4.6: { versus yx stability plot for different values of a ranging from 0.02
to 0.98. For a given a, the stability curve consists of different colors
that correspond to the first mode that makes the trivial configuration
unstable in the respective regions. For given g, the trivial solution is
stable below the corresponding stability curve.

charged loop, the self interaction energy is minimum for a circular configuration
of the loop. Therefore, the increase in { favors the circular configuration more,
and (iii) an increase in the repulsive interaction parameter ) destabilizes the triv-
ial solution. The repulsive interaction between the loops push each other toward
the pole. However, the restriction of loop to the sphere in combination with inex-
tensibility of loop implies that trivial circular configuration would tend to adopt

a non-trivial shape as x is increased.
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4.4 Bifurcation analysis

In this section, we briefly describe the general concept of bifurcation analysis
and non-trivial branches and then specialize the concept to our problem. The
explanation provided in the next paragraphs is completely adopted Chen [55] .

Let X and ) be Banach spaces (normed linear spaces), U an open subset of

X, and ¢ an open subset of R". Consider a smooth mapping g : U x & — ). Let
g(u,e)=0 (4.55)

determines the state of a physical system with n parameters. For example,
can be the equilibrium equation for an elastic body. In this connection, u can be a
function that describes the deformation of the body, g a differential operator, and
€ a set of parameters that specify, for example, the loads, the geometry and the
material properties of the body. The variable u is called the state variable, and €
the bifurcation parameter.

Suppose that (up,€9) € % x ¥ satisfies (4.55). If the number of solutions
of in an arbitrarily small neighborhood of (1, €g) changes as € varies, the
pair (ug, €p) is called a bifurcation point. The solutions in this neighborhood are
referred to as bifurcation solution branches, and a graphical representation of the
bifurcation solution branches is called a bifurcation diagram.

The mapping g(u, €) is assumed to be smooth in the sense that it has Fréchet
derivatives of any order. The first-order Fréchet derivative D, g(uo, €o) of g(u,€)

with respect to u at (1, €p) is a linear operator from X — ) such that

g(u, €9) = g(uo, €0) + Dug(uo, €0)(u — ug) + O(|lu —ugl) as |u—ug| — 0.
(4.56)
By the implicit function theorem, if D,g(ug,€o) is non-invertible, there is no
unique way in which we can write u as function of € in neighborhood of the

point (up, €9). In other words, there exist multiple solution branches in neighbor-
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hood of (ug,€p). Therefore, a necessary condition for (1, €p) to be a bifurcation
point is that D, g(ug, €g) be non-invertible.

For our case, the function g is the Euler-Lagrange equation given by (4.12),
u = (n1,m2,A1, Az, A1, Ay) are the state variables and € = (a,(, x) represents the
bifurcation parameters. The Fréchet derivative D, g(uo, €y) is obtained by lineariz-
ing the equilibrium equation about the trivial solution u( that is given by
np =mn,ny = Qn,A; = A, = A, and Ay = Ay = A, where n is defined in (4.17),
and A and A are provided in (4.32). The bifurcation parameters ey = (a,, x) are
such that D, g (1, €p) is non-invertible.

In other words, the dimensionless boundary-value problem consisting of
and has a nontrivial solution branch that bifurcates from the triv-
ial solution branch characterized by and only if the boundary-value
problem obtained by linearizing and about and has a non-
trivial solution.

Let v; and v, denote increments to n and Qn, respectively. Additionally, let
o; and X; denote increments to A; and A;, i = 1,2, respectively. To be consistent
with the assumptions made in the linear stability analysis in the previous section,
we impose further restrictions on the perturbations v; and v, according to (4.36).

We substitute the quantities ny = n+v, np = Qn+ Qu, A; = A +0;, and
A; = A+%;, i =1,2in the equilibrium equations and use the fact that n,
Qn, Ay = Ay, = A, and Ay = Ay = A defined in satisfy (£.12). Ignoring the
quadratic and higher order terms in v, 0;, and ¥; and applying Q' to the second
of the equations obtained, we find the linearized equilibrium equations as

N
7

0" 4 A" + Av+0jn +on” +Tqn = {8(n,n](v,v) + x8[n, Qn](v, Qo)
" + A" + Av + ohn’ + oon” + Zon = 7Q"8[Qn, Qn](Qu, Qo) ’

+xQ'9[Qn, n)(Qo,v),

(.

(4.57)
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where 8[n;, n;](v;,v;) and 8[n;, n;](v;,vj), i # j, are defined in and (3.33),
respectively and the kernel F and H of the first and second of these functionals
are defined in (4.8),. We also note that these functionals depend linearly on the
perturbation v. Using the elementary properties of Q in (4.20), we derived in (B.7)
that

Q'9[Qn, Qn](Qv, Quv) = B[n,n|(v,v). (4.58)

Consistent with the assumptions followed in the stability analysis, we assume
that for n'" mode of v, the perturbation of the two loops differ by a rotation
¢n = 7. Among all the values of ¢, the repulsive interaction energy between the
perturbed curves n 4 ev and Qn + £Qu, where ¢ is a small number, is minimized
for ¢, = 7. Therefore, at ¢, = 7, the equilibrium configuration will first bifurcate

into non trivial shape. Assuming this choice of ¢, we show in (B.10) that
0[”/ QTn] (Z), QTU) = ﬂ[”/ Qn] (vz Qv) (4.59)

Using (4.58) and {#.59) in (4.57), and comparing it with (4.57);, we arrive at the

condition

on’ + on” + Zin = o4’ + on” + Ton. (4.60)

We use the arguments provided to obtain (4.24) and (4.25), respectively and find

that the above equation yields
0opL =0 =0 and Zl = 22 = 2. (4.61)

In view of (4.58), (¢.59), and (4.61), the linearized equilibrium equations (4.57))

and (£.57), are equivalent. We may thus use either of these conditions to deter-
mine ¢ and X. Using (4.61) in the left-hand side of (4.57);, substituting v defined
in (4.48) in (4.57); and resolving the resulting equation along the vectors e, k, and

k x e, we obtain three equations in terms of three unknowns ¥, ¢ and X.
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We use the Fourier representation for the functions ¢ defined in (4.49), and

o and X defined as

> ns . ns
o= Epcos; +qsin—,
, (4.62)

(@)
ns . ns
2= Zucos—-l—vsm—,
= a a

where 1 is a given mode number. Substituting these quantities in the resolved

equations and using the fact that coefficient of cos 7> and sin "% independently
satisfy resolved equations, for each mode 1, we get six equations in six unknowns
Cn, An, Pn, Gn, Un and v,. Detailed derivation of these equations are provided in
the appendix

Granted that the mollifier M is given, the condition needed to ensure that the
homogeneous linear system for ¢, d,, pn, gn, Un and v, has a nontrivial solution

yields the equality in the stability condition (4.51) , i.e.,

X = an(a)g + Bu(a), (4.63)

that involves the dimensionless radius a of the loops, the dimensionless param-
eters ¢ and x dictating the strengths of the repulsive intra- and inter-loop inter-
actions, and the mode number n. The non-invertibility of the Fréchet derivative
described earlier is equivalent to the condition and is described in the ap-
pendix

The definition of lower envelope £(a) and the discussion regarding the in-
tersection between the £, = a,(a){ + Bn(a) corresponding to different modes for
a given a in the previous section holds true in the bifurcation analysis as well.

In Figure we plot bifurcation diagram for two representative values, 2 =
0.6and a = 0.9, of a and modes n = 2, ...,6. For a = 0.9, the circular configuration
will buckle in mode n = 2 for any value of {. In the case a = 0.6, for { up to point
P,, the circular configuration buckles in mode n = 2 and for ( in the range P,,_;

and P,, with n > 3, the circular configuration will buckle in n-th mode.
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Figure 4.7: { versus x bifurcation plot for 2 = 0.6 and a = 0.9. For a = 0.9,
the lower envelope is constituted by the curve £,(0.9). However, for
a = 0.6, the bifurcation plot consists of segments corresponding to
different modes as shown.

4.5 Conclusion

We studied a specialized system in which two loops are identical. For such
a specialized system, the number of dimensionless parameters reduces to three:
the ratio of the self energy coefficient and the bending modulus scaled with the
radius of the sphere { = A11R3/ 1, the ratio of the interaction energy coefficient
and the bending modulus scaled with the radius of the sphere x = ApR3/ p1 and
the ratio of the length of loop to the radius of the sphere I = L/R. We studied the
system for repulsive interactions, i.e., { > 0 and x > 0.

For the specialized system, the interplay between the three dimensionless
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parameters ¢, x and a is shown in the stability plot The intra-loop
interaction parameter { stabilizes the trivial solution since the circular configura-
tion has the minimum self energy. The two loops repel each other and therefore
increase in x destabilizes the trivial solution. Also, as the radius (dimensionless)
of the trivial solution increases, the loops move closer to each other. Therefore,
higher value of a destabilizes the trivial solution. In summary, an increase in
stabilizes the trivial solution and an increase in )} and a destabilizes the trivial

solution.
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CHAPTER 5 NON-TRIVIAL EQUILIBRIUM

SOLUTIONS

5.1 Introduction

In this chapter, we provide the discretized description of the Euler-Lagrange
equations derived in for the special case where the two loops C; and
C; are uniformly charged, have the same length, bending moduli, and interaction

parameters, so that
Li=Lo=L pm=p=p and Ap=Ap=A4, (5.1)

and, thus are both geometrically and physically indistinguishable. With this sim-
plification, the general problem formulated in the previous chapter reduced to

one involving only a single dimensionless measure of length, namely

L
= 52
"7 2R (52)
and two dimensionless measures of energy, namely
R3A R3A
(=—— and x = 12 (5.3)
H K

We had imposed further restriction 0 < 2 < 1 and hence L < 27R on the length
of the loops in to ensure the existence of the trivial solution in form of
a pair of circular loops. In this chapter, we allow a > 1 so that the loops can have

length longer that the perimeter 27tR of the great circle.

5.2 Equilibrium equations

We restrict our study to find equilibrium configurations C; and C; of the

loops C; and C,, respectively that are n-fold symmetric which implies that the

53



C1

ey ——

e —

Figure 5.1: Schematic of a 2-fold configuration of C; and C; situated on opposing
sides to an equatorial plane of a sphere S, of radius R. C; is rotated
with respect to C; angle ¢, = 7 about the polar axis A. The vector
field 7 and j are orthogonal unit vectors in the equatorial plane and
the vector field k is the unit vector along the polar axis.

curvature of C; and C; has period 7. Moreover, we assume that C; and C; differ
only by a rigid transformation consisting of a reflection across the equatorial plane

P of S and a rotation, by a particular angle ¢, =

2, about the polar axis A of &
as shown in the schematic |5.1| using 2- fold configuration as an example. We may
therefore choose the quantities n} and n; that parametrize C{ and C; to be of the

form

ni=n and n; = Qn, (5.4)

where #n is a unit normal to the sphere S and, Q defined by
Q(pn) =cospp(1®@1+71®7) —sing, (107 —1®1) —2k®@k, 0<yp <2 (5.5)

is the orthogonal tensor that transforms any vector by simultaneously reflecting
it across A and rotating it counterclockwise by ¢, about A. We substitute the
particular choices (5.4) of n; and n; in the equilibrium equations (4.12) and make

simplifications by applying Q' to second of the equations obtained by using (4.20),
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leading to

(0" + Aln )+A1n—6/m S_S|)|Z:Z§ ds |
27a —
I
iy nm =g [T () s |
: /
RIA = L

where A7 and A} are the Lagrange multipliers, as yet undetermined, needed
to ensure the circular loop Cf, i = 1,2, is configured in consistency with the

constraints (3.4); and (3.4),, respectively. Next, since ¢, = &,

n

Q' (p)n(s+2a¢p) = Q(p)n(s), 0<s < 2ma. (5.6)

We remark that while is valid on for ¢, = & and n being an n— fold sym-
metric configuration, the analogous relation for the trivial configuration n
in the chapter 2 is valid for any arbitrary angle ¢.

Using and a change of variables 5 — 5 4 2a¢, in the second integral on

the right-hand side of (5.6), we find that, since n is periodic on the interval from

0 to 27ta,
PO = Qn(s) G AT n=Qu(s) (o 2T n—On(s)
/0 |"_QT"(§)|dS_/2¢na = Qn(s )|d5—/0 |n—Qn(s‘)|dS' (5.7)

Using (5.7) in (5.6), and subtracting the resulting equation from (5.6);, we obtain

the condition
A"+ (A0 + Ajn = A5n” + (A3)'n’ + Ajn. (5.8)
Using the restriction that # conforms to S and is inextensible, we get
n-n=1 and ' -#n' =1. (5.9)
Combination of the arc length derivative of (5.9); and (5.9), yields

n-n=0 nn"=-1, and # -n'=0. (5.10)



Computing the dot product on both side of with n, n’, and n” respectively
and using (5.10), we get

Af =M= A=A, (5.11)
(A= (A3)", and (5.12)
(n" - A} —A; = (0" -1 )N — AL (5.13)

Combination of (5.11) and (5.13) yield
(n"-n" —1)(A] —A}) =0. (5.14)

For the case n”’ - n” = 1 at each point on a curve n which represents the great

circle of the unit circle, A} and A3 and with (5.11), A] and Aj differ by a constant.
For any other curve n, (5.14) and (5.11) yield

M=A3=A and A =A5=A. (5.15)

In view of (5.15), (5.7) and (5.6), the equilibrium equation (5.6); and (5.6), are

equivalent and we can use either of these equations to determine A and A. Sub-
stituting A7 = A and A7 = A in (5.6); and expanding the derivatives on left hand

side of the resulting equation, we get

27”’ |s—s] n— 2 1 — Qn(s)
//// 1 [P
+An +/\n—{—An—C/ o )\n— ds—i—)(/ \n—Qn§)|d'
(5.16)

5.3 Discretization

We discretize the dimensionless length ¢ = 27a of the loops C] and C; pa-
rameterized by n and Qn, respectively into N equal intervals. Segments in each
interval are of equal arc length h = %. The quantities n, A and A evaluated at

the i nodal point are respectively denoted by n(i), A(i), and A(i). For a closed
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curve n, N + 1% point is identical to the first point which leads to
n(N+1)=n(1), A(N+1)=A(1), and A(N+1)=A(1). (5.17)

Therefore, we only need to solve the equilibrium equation (5.16) for at nodal
points i € [1, N]. We use the following finite difference scheme to discretize the

derivatives on the left hand side of (5.16))
—A(i4+2)+8A(i+1) —8A(i—1)+ A>i —2)

A = o +O[KY], (5.18)
n(iy = —n(i+2)+8n(i+ 11)2; 8n(i—1)+n(i—2) N O[h4], (5.19)
n(i)’ = —n(i+2)+16n(i+1) — ?gzz(z) +16n(i—1) —n(i —2) L O[], (5.20)
n(i)" = n(i+2)—2n(i+ 1)2—1};32n(i —1)—n(i—2) L O, and (5.21)
n(iy" = n(i+2)—4n(i+1)+ 61;21’) —4n(i—1)+n(i —2) N O[hz], i e [1N].

(5.22)
Although the quantities n(i) and A(i) are defined for i € [1, N + 1], we note that
the right hand side terms in the above discretization scheme will encounter the
additional, yet undefined terms n(0), n(—1), A(0), A(—=1), n(N +2), and A(N +2).

For a closed curve n it follows that

=
—~
()
~—
I
=
—~
Z
—
2
—
|
—_
~—
I

n(N—1), A(0)=A(N), A(=1)=A(N-1), (5.23)

n(N+2)=n(2), and A(N+2)=A(2). (5.24)

In §4.2.1] of [chapter 4, we discussed the need for regularization of singularity of

the intra-loop interaction potential. In a discretized description, we can avoid the
singularity at each nodal point i by replacing the first integral on right hand side
of (5.16) with trapezoidal rule of integration

N
n(i) — n(j)
h;m(i) —a())]’ (5:29)
jF#i
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where we have used the fact that (N + 1) point is identical to the 1st point and
we have skipped the summation over the element at i node.

Also, the second integral on the right hand side of (5.16)) can be evaluated as

2 —Qn(s)
=h 5.26
b e Ezm ) 20
Substituting the first integral in right hand side of (5.16) with ( , substituting
(5.26) in (5.16), we obtain three equation at each nodal point i,

0" (i) + A" (i) + N (D) (i) —l—A(i)ﬂ(i)

- hg |n +xh2‘n |, (5.27)
J#z
n(i)-n(i)=1, (5.28)
and
n'(i)-n'(i) =1 (5.29)

in terms of three unknowns n(i), A(i) and A(i).

5.4 Re-parameterization using spherical angles

The position vector n restricted to & can be described in terms of arc length

dependent polar and azimuthal angles 6 and ¢ as
n(s) =sinf(s) cos¢(s)1+ sinf(s) sin$(s)y + cos O(s)k. (5.30)

Equivalently, n at i node can be described in terms of value the functions 6 and

¢ at i node as

n(i) = sin6(i) cos ¢(i)1 + sin 0(i) sin ¢p(i)7 + cos 0(i) k. (5.31)
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This parameterization ensures that the restriction of n(i),i € [1, N] to the sphere

S is naturally satisfied. Defining the vectors
eg(i) = cos8(i) cos p(i)1+ cos0(i) sinp(i)7 —sinf(i)k and (5.32)
ep(i) = —sing(i)1 + cos p(i)y, (5.33)

we find that
n(i)-eg(i) =0 and n(i)-ep(i) = 0. (5.34)

Computing the dot product on both side of (5.27) with ey (i) and ey (i) respectively,
using (5.34) and noting that (5.28) is trivially satisfied, we find at each nodal point

i € [1,N] three equations
(2" (i) + A(§)n" (i) + A" (i)' (i)] - eq (i)

N N
LN ) () (i) (1(i) — Qn(j)) - es(i)
=L ) “‘h; w@ - Qn( P

1=
j#i

[ () + A" (i) + A" (D) ()] - €9 (i)

_’“"Z |n_n '+ ’“Z |n >§|(i)' (53

and

n'(i)-n'(i) =1, (5.37)
in terms of three unknowns 6(i), ¢(i) and A(i) for i € [1,N]. Once we have
obtained the equilibrium solution, we can compute the dot product on both sides
of with n(i) and use to make further simplifications and find the

Lagrange multiplier A(7) as

A() = A3G) — n"™( %412:1_" 4ﬁm§:1_Q" | (5.38)

#
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In the view of bending energy, self energy and the interaction energy defined in

(3.21a)), (3.21b), and (3.21c), the total dimensionless energy (3.20) can be expressed

as function of total dimensionless length of the loop N#, intra-loop interaction

parameter {, and the inter-loop interaction parameter x as

- Xhz:|n @)

(5.39)

N
f(Nh,C,)Oth(n”( —i—hC |n
i=1
o

5.5 Numerical experiment

We solve the system of equilibrium equations (5.35)-(5.37) for different set of
the dimensionless parameters (a,, x). For all the numerical solutions, we used

N = 100 and fsolve package from Matlab.

5.5.1 Effect of x

To show the effect of the inter-loop repulsion parameter ), we choose a = 0.9,
¢ =0and x =6, 8, and 10. These values of x are chosen so that the 2-fold, 3-fold,
and 4-fold solutions can co-exist. For example, for x > 10, we could not find
a 2-fold equilibrium solution. Similarly, for x < 6, we could not find any 4-fold
solutions and various initial guesses converged to the trivial (circular) equilibrium
configuration.

In figure 5.2, we show the equilibrium solution for each set of parameters de-
scribed above. For 2-fold, 3-fold as well as 4-fold solutions, we find that the equi-
librium configuration adopt a more ‘squeezed in’ configuration as ) increased.
We compute the total energy of the equilibrium configuration using and list
it in Within each of the n-fold solution, n = 2,3, 4, the total energy increases

monotonically with . However, for a given value of x, there is no such mono-
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tonicity among 2-fold, 3-fold, and 4-fold equilibrium solutions. For each value
of x, 2-fold solution has the minimum energy among 2-fold, 3-fold and 4 fold
solutions. Also, 3-fold solution has maximum energy for x = 6 and x = 8 while

4-fold has the maximum energy for x = 10.

2-fold 3-fold 4-fold

Side

view

Top
view

Figure 5.2: 2-fold, 3-fold, and 4-fold equilibrium configuration for a = 0.9, { = 0
and three representative values, x = 6,8, and 10 of x. For each set
(a,C, x), 2-fold, 3-fold, and 4-fold solution co-exist. In the top view for
each n-fold solution, we indicate that value of ) is increasing in the
direction of arrow.

Table 5.1: Total dimensionless energy for 2-fold, 3-fold and 4-fold equilibrium so-
lution for the set of parameters a = 0.9, { = 0, and x = 6,8, and 10.

X 2-fold 3-fold 4-fold

75.2952 | 78.1006 75.4863
8 96.0244 | 101.4535 | 101.1663
10 | 116.2028 | 123.9105 | 125.8186
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5.5.2 Effect of {

To demonstrate the effect of the intra-loop interaction parameter ¢, we use
a =09, x =10, and compute 2-fold equilibrium solution for three representative
values, { = 0,4, and 8 of {. As shown in the figure the equilibrium configura-
tion approaches toward the trivial (circular) configuration as { is increased which
due the fact that the repulsive force among the elements of the loop increase with

(¢ driving the loops to adopt a more open configuration.

Il
o

Side view Top view

/e Vo NEAN
I Il
SN

e ————

N

Figure 5.3: 2-fold equilibrium configuration for a = 0.9, x = 10 and three repre-
sentative values, { = 0,4, and 8 of {. In the top view, we indicate that
value of { is increasing in the direction of arrow.

5.5.3 Loops with parameter a > 1

For a > 1, the total length of the loop is longer than perimeter of the great
circle. Therefore, no trivial equilibrium solution in form of a pair of circular loop

is feasible. We first find the equilibrium configuration for pure elastica in which
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case { = 0 and x = 0 and thus the equilibrium equations (5.35)-(5.37) reduce to

(" (i) + A(i)n" (i) + A (i)n' (i)] - eg(i) = 0, (5.40)
(""" (i) + A(D)n" (i) + A'(i)n' (i)] - ey (i) = 0, and (5.41)
n'(i)-n'(i) =1. (5.42)

In figure 5.4, we show the 2-fold, 3-fold and 4-fold equilibrium solutions for a =
1.3and { = x =0.

2-fold 3-fold 4-fold

Side

view

Top
view

Figure 5.4: 2-fold, 3-fold, and 4-fold equilibrium configuration fora = 1.3, { =0,
and x = 0.
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To demonstrate the effect of inter-loop interaction parameter ), we show
the 2-fold equilibrium solution for 2 = 1.1, { = 0 and two values of x, x = 0
and x = 2 in the figure The inter-loop repulsion between the two loops
(shown with red color ) drives the equilibrium solution toward a squeezed-in
configuration compared to the case where x = 0.

x=0

Side view Top view

Figure 5.5: 2-fold equilibrium configuration for a = 1.1, { = 0 and two values of
X, X = 0and x = 2. In the case x = 0, two loops can orient with
respect to each other in arbitrary fashion. Therefore only one of the
loop is shown.

X =2




5.6 Discussion

In this chapter, we derived the discretized form of the Euler-Lagrange equa-
tion for two loops that are uniformly charged, have same bending modulus and
same charge density and posses n-fold symmetry. We showed the effect of intra-
loop and inter-loop interaction parameters on the equilibrium configurations. Al-
though, we have shown the equilibrium solutions for only a limited set of pa-
rameters, this framework provides the basis for computing multiple, co-existing
equilibrium solutions for a given set of parameters and thus finding a global min-
imum energy solution.

It is likely that there is a range of parameters a, ¢, x outside which a par-
ticular n-fold symmetry solution does not exist. For example, we were unable to
find a convergent 2-fold solution for a = 0.9, { = 0, and x > 10. It is possible
that a 2-fold symmetry configuration squeezing further from the equilibrium con-
figuration at x = 10 may not maintain the point-wise inextensibility constraint.
Therefore, for a = 0.9, { = 0, and x > 10, a 2-fold equilibrium solution may
not exist. Also, we were unable to find a 4-fold equilibrium solution for a = 0.9,
¢ =0,and x < 6. More conclusive arguments can be made by computing the

equilibrium solutions over a large set of parameters a, {, and x.
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CHAPTER 6 SUMMARY AND FUTURE WORK

6.1 Summary

In this study, we derived a variational framework to model a pair of charged
curves that are constrained to a sphere. We showed how the competing factors
namely the bending rigidity of the curves, intra-loop interaction, the inter-loop
interaction and point-wise inextensibility of the loops govern the equilibrium con-
tiguration and its stability. We derived the discretized Euler-Lagrange equations
that enabled us to find non-trivial equilibrium shapes. We showed that for a
given dimensionless length of the loop, the intra-loop interaction parameter, and
the inter-loop interaction parameter, there can exist one or more n-fold equilib-
rium solutions. Global minimum energy solution can be obtained by comparing

the total dimensionless energy of the co-existing equilibrium solutions.

6.2 Future Work

Going forward, a few of the possible directions are as follows. Most of the
proteins are made up of segments with alternating positive and negative charge
densities. It would be interesting to computing the equilibrium solutions for loops
with such charge distribution.

In some cases, helicity of the peptide molecules constrained to a membrane
and hence the orientation of the cross section of the peptides can play crucial
role in deciding the equilibrium configuration. We can incorporate this effect by
working with charged rods instead of charged loops that have been considered in
our work.

Another possible direction would be to consider the deformation of the sur-
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face to which the charged loops are constrained. In addition to the factors con-
sidered in this work, the elasticity of the surface will also govern the over all
equilibrium shape and can provide a more realistic model of proteins attached to

a flexible membrane.
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APPENDIX A DERIVATION OF THE FIRST AND

SECOND VARIATION CONDITIONS

A1 Bending energy

From the identity (3.6) and the constraints (3.24), the first variation of the
geodesic curvature squared yields
062 = 2 +m) - (o] + )
=2(n! -0 +n;-v;+n;-v +n! -v)
=2n! v +5(n;-n;) +26(n; - n)

=2n! - o!. (A1)

1 1

Using above relation, the first variation of g defined in (3.21a) is given as
2 U
S Fs|ny, ny] = / n{ -0} ds + 1// ny - vy ds
0 0
noo_. e noo o1 /AT
= / —ny -vyds+ 1// —ny -vyds +ny 0|t Fvny vyt (A2)
0 0

Adding the constraints (3.24); and (3.24), with Langrange multipliers A; and A;,

respectively yields

5?}3["1, nZ]
14
— / /// + )\1"1 —+ A11'11) - 01 ds + 1//0 2(( n + )\21’12) + AZ"Z) %) ds

4 /
o[ — (] A Amy) o |5 vl - 0y — (0 4 Agmg) - 0|2
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A.2 Intra-loop and Inter-loop interaction energy

The first variation of the intra-loop interaction energy for C;, i = 1,2 is

s [ fnits) —m5)) asa
// (—g (vi(s)—vi(si))) o), 95
o=lel
v dsds.
// ( do Q <S)) e=n;i(s)—n;(s), 5
o=lel
The first variation of the inter-loop interaction energy is
(5// (|m (s —n2(§)])d§ds
e 5 dsd
oy ( & o )_vz(s))) e=m () -ma(s),
e=lel
l ply dsd
_// ( do Q (S)) o= (s)—m(s),

o=le|
o=my(s)—n1(5),

+//2/P1 (_(gvz(s))
e=le|
_/Ogjf(ni—nj(s'))ds_ i=j,

?:
— [ hin—ms)ds i #j
where i,j = 1,2 and f and h are defined such that

fle) = %(QQ)

Defining

q)[ni/ n]] =

Q

dhn
€ and h(o) _ dile) Tol’
o=le| 1€

o—lel @] de

dsds.

(A.3)

(A.4)

(A.5)

(A.6)

the first variation of the intra-loop interaction energy (self -energy) (A.3) and the

inter-loop interaction energy (A.4) can be written as

U b
dFs[ny, ny] = —Cl/o @ni,n)-v1ds —Cz/o @[ny, ny] - vy ds,

and

51 52
dFi[nm, np] = —X/O @[ny, ny] - v ds —X/O @[ny, ny] - vy ds.
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Combining the 6 Fg, 6 Fs, and 6.5, the first variation of the total energy functional

is given as
b
0F[ny,m](v1,v2) = /O ((n)" + M) + Ainy — Qi@lny, m] — xo[ny, m]) - vy ds
%)
—|-/0 (v(ny + Aonb)' + Aong — Qoglng, no) — xelna, n1)) - vo ds
+nf - v£|gl — (n{' + An}) ~vl|gl +vnb - v§|gz —v(nf + A\ynb) -vz|gz. (A.9)

For (n1,ny) to be the equilibrium configuration, the first variation condition re-

quires that 6F[ny,n3](v1,v2) = 0, Vov1,0; that yields the equilibrium equations

"

(n}" + Mn}) + Any = Qip[ny, m| + xelny, na),

, (A.10)
v(ny + Aamny)' + Aana = (oglna, mo] + xeplna, mil,
and the boundary conditions
A4 " / b _
ny - vhlgt — (n1 +Aim) - o1fgt =0,
(A.11)

ny - vé\gz — (" + Aonb) ~vz|€2 =0,

For smooth, closed curves, the boundary terms are trivially satisfied. The second

variation of the energy functional is obtained as

b
82 F[n1,m3)(v1,02) = /O ()" +Amy)" + Ay — Qaplny, my] — xlny, o)) - 601 ds
%3
+ /0 (v(n3" + Aam3)' + Aomy — Logplno, mo] — xelno, m)]) - vz ds
27a 5 5
+/0 (|oy|* = Ao |* + (A10] + Aror — {B[n1, n1](v1,01)
— X8[n1,nm2](v1,02)) - v1) ds
27ma
+ /0 (|95 1> = Aa[w3]?) + (Ay0h + Agwy — {B[n2, m2] (02, v2)

— x8[ny, m](v2,v1)) - v2)ds, (A.12)
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where ¢ is defined by

0[111',11]'](271',7)]') = A (A~13)

where i,j = 1,2, and F and H are defined such that

Flol= %(%(Qg)l i di@(%%(;’))g ®Q> ‘Q=|e|' A1
and
Hlel = é(%(?l N %6%(5))() ®Q> ‘e—lel' (A1)

Using (A.10), the second variation (A.12) evaluated at equilibrium simplifies to

(52]:[111, nz](vl,vz) =
27a
|7 et P = Mafof P+ (Afef + Aoy = 580y, m) (o, 01)
— x8[ny, n2](vy,v2)) - v1) ds
27a
+ /0 (|05 > = A2]vh]?) + (M50 + Agv — {8 [np, m2) (w2, v2)

— x8[n2, m](v2,v1)) - v2) ds. (A.16)

A.3 Open curve

For a single, charged polyelectrolyte, confined to a sphere, the energetics of
the system includes bending of the curve and the self energy of the curve. In

such situation, the equilibrium equation (A.10), the boundary condition (A.11),
and the stability condition (A.12) for chain of length ¢ and intra-loop interaction

parameter { reduce to be

(n"" + An") + Any = Zo[n, n], (A.17)

n' o' — (0" + An') -v]§ =0, (A.18)
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and

l
/ (0”2 = AlY')? + (M0 + Av — {8[n,n](v,v) >0, (A.19)
0

respectively, where the functionals ¢ and ¢ are defined in (A.5) and (A.13). The
Lagrange multipliers A and A ensure the satisfaction of constraints n - v = 0 and

n' - v’ = 0 respectively.
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APPENDIX B SECOND VARIATION CONDITION

FOR THE SPECIALIZED CASE

Substitutingn; =n,ny = Qn,v1 =v,v2 = Qu, Ay = Ay = A, and Ay = Ay =
A in (4.14) and noting that the A and A are uniform for the trivial configuration,

we find the reduced form of the second variation condition at the equilibrium as

[0~ AP+ (A — 2B, n](0,0) — xtln, Q] (0, Qo) - 0) s
27a
+ [ (1o = A1Qv/ ") + (AQv — £3[Qn, Qul(Qo, Qo)

— x8[Qn,1)(Qv,v)) - Qu)ds > 0, (B.)

_ /()ZWM(ls'— s|> ((v — v(s‘))3 +3(n -0(3) +n(35) - v) (n— n(s‘))) ds, (B2)

2a ) \|Qn—Qn(s)]
(Qn- Qu(s) + Qn(s) - Qo) o )
" |Qn — Qn(s)° (Qn—Q (S))) ds, (B.3)

[ (=)0 Qe 090, gu5)) s, e

|)5' ) (o — n(§))) ds. (B.5)



Using the elementary properties of Q defined in (4.20),
Qv = [o"[%, |Qu[* =[], and |Qof* = |vf®. (B.6)
Furthermore, using (4.20),(4.21) and a change of variable 5 — 5 + 2a¢, we see that

Q'3[Qn, Qn](Qu, Qo)
[ ((v—wa
n—Q'n(s

) @@ ),
2 m—amer ) 4

Py ((omo) @Y

= g M(5, )(|n—n(§)|3+3 P ())> d
() (00 | o i) o)

= [ M) (e 2 s o

= #[n,n](v,v), (B.7)

which implies that

5[in Qi’l] (QU, Q’U) ' Q’(’J = QT{’[in Qn] (QU, Q’(’)) ’ 0[" 1’1] (’0, ’0) 0. (BS)

We impose further restriction on the rotation between the perturbation for the two
loops as follows. Let ¢, denote the rotation ¢ for the n-th mode of the perturba-
tion v. Among all the values of ¢, the repulsive interaction energy between the
perturbed curves n 4 ¢v and Qn + Qu, where ¢ is a small number, is minimized
for ¢, = 7. Therefore, at ¢, = 7, the equilibrium configuration will first bifurcate

into non trivial shape. Assuming this choice of ¢,

Q' (¢n)v(s +2a¢y) = Q(Pn)v(s), 0<s < 2am. (B.9)
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Using and the change of variable 5 — 5+ 2a¢; in (B.5), using the constraints
n-v=0,n(5) v(5) =0, and that n and v are periodic functions with period 274,
Q'9[Qn,n](Qo,v)
27ma _ T = . T = T a) .
(2R, g0 QD LA )

PESTOE n— Q)P
0 Qu(s) (- Qe+ 0nE)-0)
= fapua Qn—QmaP+3 oo Q()Od
(0o Qu(s) L (n-Qu() 4 Qn(E)0)
- <|n—Qn T m—ammp " C (S”)
= #[n, Qn|(v, Qo). (B.10)
Therefore,

9#[Qn,n](Qv,v) - Qu = Q'#[Qn,n](Quv,v) v =98[n, Qn|(v,Qv) -v. (B.11)

The equations (B.6), (B.8), and (B.I1) imply that the contribution to the second
variation of the total energy from bending energy, from intra-loop interaction and
from the inter-loop interaction, respectively from the two loops are equal. Using

these relations in (B.1), we obtain a reduced stability condition as

/OZM(\v”F — A'[* + Alol* = £d[n n](v,0) -v — xB[n, Qu](v, Qv) - v) ds = 0.

B.1 Useful relations

Introducing a variable 7 = %, we represent the quantities at arc length 5 in

terms of s and 7. Below are some of the useful expressions for further calculations

e(5) = cos2ye +sin2nk X e, (B.13)
n(5) =acos2ne+ /1 —a?k +asin2n(k X e), (B.14)
. O
v(5) = —(ay(5) sin2n + a®y’ (5) cos 21 )e + 1—a2k
+ (a(5) cos 2n — a®y'(5) sin2n )k x e, (B.15)
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Q(¢pn)n = acos ppe + asinp,k x e — /1 — a%k,

Q(¢n)n(5) = acos(2n + ¢n)e — V1 —a’k + asin(2y + ¢n) (k x e),

Q(pn)v(5) = —[ay(5) sin(21 + pu) + a*¢'(5) cos (2 + gn)]e

+ [agp(5) cos (2] + u) — a2 (3) sin(2y + )]k x e — — L)

|n —n(35)| = 2a|siny|, and

[~ Qn(s)] =24/1 — a2 cos?(1 + ¢u/2).

(B.16)

(B.17)

7

(B.18)

(B.19)

(B.20)

We use the relations defined above to simplify the second variation condition

(B.12) as follows.

Bending energy terms : Using the representation of v in terms of ¢ and ¢’

defined in (4.48) and the identities in (4.45), we find that

3.1/
v = —azlp’e—kizk—kmpk X e,

v1—a

r_ 2.1 a3lpﬂ k
(4 ——(l[J-f-alp )e+m ’
3,0
o — —(a21p’”+1//)e+%k—(azp”+¢/a)kxe,

Intra-loop interaction terms :

/

(B.21)

Bearing in mind the change of variable 5§ = s + 2a#, using (B.14) and notic-

ing the representation of {(5) in terms of s and 7, we find the components of
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®[n,n)(v,v)defined in (B.2) as

dn,n)(v,v) e= —IPZ/ /nM(U) csc® i dy

1 (7 s+ 2an) sin2n + ay'(s + 2an ) cos 2
+4_a/ M () P8 2an) sin 2y + ay/(s + 2ay) cos2y
0 sin® n

3 (7 iy SO8 MW — (s +2an)) +asing (¢ + (s +2an))
+‘E/0 M) sin? 7 d

7

On,n](v,v) k= T ™Y (s +2ar)

M(n)csc®ydy — a / d
4v/1—a2 Jo 1 T =2 b sin® 7 1
B[n,n](v,v) - (k X e) 1’[]/ 1) csc® dy
1 /= s+ 2an)cos2y — ayp’' (s + 2an) sin2
_E/ M) PEF20) cos 2y — ay'(s +2an) sin2y o
0 sin® 7
_i/” cos ycos 1 ( — (s +2an)) +asing (' + ¢'(s +2an))] |
4a Jo sin® 5 1 )
(B.22)

Interaction energy terms : Bearing in mind the change of variable 5 = s +

2an, using (B.17), (B.18), (B.20) and noticing the representation of 1(5) in terms of

s and 7, and making an additional change of variable # — 1 — ¢, /2, we find the
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components of #[n, Qn|(v, Qv) defined in (B.4) as

N Ry — =
/1 — a2 cos
N f /n (s + 2an — agy) sin 2y — ay’(s +2a17 — a¢y) cos 2y dn
4 Y1 —a?cos?y
N 3i 7 sin? 17 cos y7[sin 7 (¢ — (s + 2an — agy,))] d
4 Jo /1 —a?cos?y
B 31 7 sin? 77 cos 17[a cos (W' + ¢/ (s + 2an — a¢y))] dy

4 Jo V1 —a2cos?y

#[n, Qn|(v,Qu) - k 4m/ \/W
TY(s+2an —agy)

4y/1 — a2 J/1—a%cos?y

3a m /ﬂ cos7[sinn (Y — (s + 2an — apy,)] dn (5:29)
YT aeosy
B 3a%V1 — a? /” cosnlacosn (¢ + ¢'(s + 2an — agy))] d
/1 —a2cos?y '
a? (7
?[n, Qn](v,Qu) - (k x e) = Zl[)/o T ooy
B f /” (s + 2an — agy) cos 2y + ay’ (s + 2an — a¢,) sin 2y dy
/1 —a?cos?y
_ 3a* (7 siny cos® y[sin (P — (s + 2an — adn)] di
T ) JT—acosy
+3i/” sin 17 cos® f7{acos 7 (¢’ + ¢/ (s + 2a17 — agy))] dy
4 Jo m ' J
B.2 Fourier representation
Using the Fourier series representation of the functions ¢ as
ES i Yu, WYn(s) = cycos % + dy sin %, (B.24)
n=2

we simplify the various terms involved in (C.2), (B.22), and (3.33) as follows.

Bending energy terms : Using the periodicity of ¢,

2ma 27ma

¢2ds = ma(c2 +d>) and A Y >ds = ma(n/a)* (2 +d%).  (B.25)
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Substituting (B.24) in (B.21) and using (B.25), we find that

2mta © Mn?2—-1)2n?+1 n®
/ [0"*ds=ma ) (n ) 2( ) + 2} (2 +d2), (B.26)
0 =1 a 1—a
o — [, 2 o a’nt 2,
/0 [0'|*ds =ma ) |(n*—1)"+ m] (c; +4dy), (B.27)
n=2L
27ma o T 2.2
/ joPds =7a } |a* + 1a naz} (2 +d2), (B.28)
0 n=2L -

and it follows that

27ta
2 72 2 _
/0 (10" 2 = A[o' |2 + Ao )ds_nan; . s

_ 2 ey PN (1" 2 L 2). (B.29
)\ (7’1 1) +1_a2 + a +1_a2 (Ci’l+ n)' ( )

> {(n2 —1)2(n?>+1) n®

Intra-loop interaction terms : Using (B.24)), we deduce the following useful rela-

tions
(s + 2an) = cos2nnyip,(s) + sin2n17%1,b,’1(s) and (B.30)
(s +2an) = — sinZniygtpn(s) + cos 2nn),(s). (B.31)

Using (B.24), (B.30), and (B.31)) in the integrals in the right hand side of the equa-

tions in(B.22), we obtain

~ 12
ﬂ[n,n] 4_1 Z I4+212/7’l+13—2[+3(15+11—12/7’1)]1/),/1,
n=2
- a e
dn,nl(v,v) k= ,
- 1
dn,n)(v,v)  (kxe)=— 2 [Is —2nh +2I; — I3 = 3(Iy — Is + I; — I3 — nl) vy,

/
(B.32)
where I}, I, I3, I, and I5 are defined in (B.47). Using the representation of the

perturbation v as

00 3
2 4/ 1/)11
v = —a“yp,e+
,;o TVi-
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k +ayp,k x e, (B.33)




and (B.25),

Zm{y d i " (I — L) (2 + 2
/o [n,n](v,0) v S—WIEU— 3)n”(c, + dy)
1 o
- Y [Li+2L/n+ 1 —21+3(Is+ I — L/n)n*(cs + da)
n=2
1 o
+7 Y [ls—2nb+2h — I3 —3(ly — Is+ [, — I — nh)](c; + dy). (B.34)

=
Il
N

Inter loop interaction terms : For n'" perturbation, choosing the particular value

¢n = 7 of the rotation ¢,
Pu(s +2an — apy) = — cos 2nn,(s) — sin 2711’]%1101/1(5) and (B.35)
W), (s +2an — apy,) = +sin Znnglpn(s) — cos 2nn),(s). (B.36)

Using (B.24), (B.35), and (B.36)) in the integrals in the right hand side of the equa-
tions in (3.33), we obtain

3 o )
8[n, Qn|(v,Qu) - e = az Y [=h — (s + Ja/n) — 6a* (Ko + K3/2n) |y,
n=2
at & K +1<
19[1’1, Qn](v, Q’U) k= 4m 7;2 ]2 - 1 - az)(Kl + > 4)]1‘1)71/
2

a
T [+ (Js +nJs) — 6a*(Ks — Ky +nKys/2)] ¢y,

(B.37)
where [1, |2, J3, J4, and [5 are defined in (B.48) and Kj, Ky, K3, K4, and K5 are

defined in (B.49). It follows that

M8

#[n, Qn|(v, Qu) - (k x e) =

U
N

n

27ma 3 o
/O 8fn, Qu)(v,Qv) v = T Y. [+ (Js + Ja/n) + 6a%(K + K/ 20)]n?(c} + )
n=2
> K; + K
e 5 Ll 60— @) (K + 2 Sl (E )
3 o
az Y [+ (Js +nJs) — 6a*(Ks — Ky + nKy/2)] (c; + d3). (B.38)
n=2
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Substituting (B.29), (B.34), (B.38) and the Lagrange multipliers

_ax /
31— a2 cos? 1

1z xa® [ cos’ndy
/\—a—2 5/0 M(n) cscndy + 2/0 (B.39)

Y1 —a%cos?y

in terms of the integrals defined in (B.47) and (B.48) as

ax 1 7 xa
=4 = -2+ B.4
> h, and A 35+ (B.40)

in (B.12)), we get the second variation condition as

(]

Z a(Ys(n,a) + {Ys(n,a) — Ye(n,a)x)[c2 +d2] > 0, (B.41)

or, equivalently,

iz (Bn(a) + Gan(a) — x)[cy +d3] >0, (B.42)
=
where,
@) = el B0 = ey o)
Yg(n,a) = %(mz — 1442, (B.44)
Ys(1,a) = 411 [3[;12(15 v L) —2nh+ I — I+ Iy — Is]
I, - 1”2‘;2 +(n2+1)(I; —2)
4l + 1“2”2 Is + 21 ((n2 124 %ﬂ , (B.45)
Yi(n,a) = [ 305 (n2(Ky — K») + nKy + K5 — K»)

NI%NM—\

a 2

1ad (2 —1)2+ TN e (14 B.46
-2 )5 a® to—= )| (B.46)

2], 222
{h (n® +1)J5 +2nJy — ]2}
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and

M(n) cos2nn cscn dy,

M(n) sin2n cos 57 csc® 17 d,
M(n) cos 2nn csc® i dy,
M(n) csc’ ndn,

M(n) cscndy,

B47) 5= /O

s

K = /” cos? 17 sin ny dn,
0

/1 —a2cos?y

cos? 7 sin® 7 sin® nyy 4
7

1

dr,
/1 —a?cos?n 7

cos 2ny

dn,
/1 —a%cos?n 7

cos 217 cos 2ny d

/1 —a?cos?n
sin 277 sin 2ny d

/1 —a?cos?n
cos® 7

dy,
/1 —a?cos?n 7

7T
KZ:/
0

V1 —a%cos?y

cos 1 sin> 7 sin 2ny d

/
0

/1 —a%cos?n

T . 3 .
K, :/ sin 77 cos” 1 sin 2nn dn,
0

/1 —a?cos?n

T ain2 2
K5:/ sin” 77 cos” 1 d.
0

/1 —a2cos?y
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APPENDIX C LINEAR BIFURCATION ANALYSIS

Substituting ¢y = ¢ and X1 = Z from (4.61) in (4.57);, we obtain
0"+ A"+ Av+ 0’0’ +on” +Zn = {8[n,n](v,v) + xd[n, Qn](v,Quv). (C.1)

Using the representation of v in (£.48) in terms of i and ¢’ and the identities

in (4.44), we find that

11 2 01111 12 !/ 2 ﬂ3lI)/”// )
0" = (—a + 29" + 3¢ /at)e + k
(=" + 29" + 3y [a%)e + —=—s
+ (_3a¢//// . 21,0”/[1 + ¢/a3)k X e,
1 2. 1.1 / a3lp/// /! (C2)
v = —(a + U )e+ k—(ap”" +¢/a)k xe,
(@ +')e+ 7k~ (ay +9/a)
2.0/ LZ3IIJI k k
v=—aYPe+ + apk Xe,
% T ¥ )

Using the Fourier representation of ¢ in (B.24) and the equations in (C.2), compo-
nents first three terms in the left hand side of the linearized equilibrium equations

(C.1) in the direction e, k, and k X e can be written as

\

(n2 — 1) (n? +3)
a2

+A(n®-1) - Aaz) W,

00 1 4
0" + A" + Av] k=) B Aan? + Ad3 W,
a n

© s _n. 4 2 202 _
(0" + A" + Av] -k xe= Z ( S+ 2n +:3+ Aat(n” 1) + aA) P,
n=2 /
(C.3)
Additionally, we assume that the ¢ and X take the form
=Y 05, and T=1) %, (C4)
n=2 n=2
where
ns . 1ns
0(s) = pncos — + g, sin —,
a a (C.5)

ns . ns
X(s) = uy cos " + v, sin 7,
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Substituting (C.3), (B.32), and (B.37) in (C.1), using the Fourier series represen-

tation of ¥, o, X, and noting that the coefficient of the Fourier terms cos > and

sin 2 independently satisfy (C.I), we obtain for each mode 71, a system of six

a

linear equation in six unknowns ¢y, dy, pn, Gun, Un, and v, that can be written as

Ax =0, (C.6)
where o
c
d
0| —1/41 al
p
A=|TI0O (1-— az)ﬂ and x = . (C.7)
q
Y1 | n/aQ)
u
v
) and 1 are 2 x 2 matrices defined as
0 1 10
0= , 1= , (C.8)
-1 0 0 1
and , , , .
-1 -1
O — _n(n )3(?1 +3) +An(n )  Aan
a a
21 31
_en {—14+—2+13—211+315+311 - —2}
4q n n
2 2
nxa 3a-K
+ )Z {]1+(]3+%>+6HZK2+ 3},
5
=" —An+ Ana® — g—71(14 —I3)
at 4 . (C9)
nxas | 2 Kz + Ky
+ A [ ]1+]2+6(1 a)(Kl—i— o ,
a4 2 20,2
¥ - 3n* +2n +al3+)uz (n 1)+aA
- %(14 —2nly + 2 — I3 — 3(14 —L+L—-13— Tl[z))
X”z 2
—T(]1+(]3+”]4) —6a°(Ks — Ky + 1Ky /2)), )
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the integrals (I, Ip, I3, I, I5) are defined in (B.47), (J1, J2, J3, Ja, J5) are defined in
(B.48), and (K1, K3, K3, K4, K5 ) are defined in (B.49).

For the system of equations (C.6) to have a non zero solution x, it is required

that the matrix A is non-invertible which yields
detA = 0. (C.10)

This condition is equivalent to the criteria that D,g(uo, €g) is non-invertible which

is a necessary condition for (ug, €p) to be a bifurcation point described in section

of chapter 4
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APPENDIX D RIGID ROTATION ABOUT A VECTOR

IN EQUATORIAL PLANE

Consider a particular form of perturbation such that the perturbed loops are
circular but are no more co-axial. This can be achieved by rotating either of the
circular loop about a vector in the equatorial plane. The bending energy and
the intra-loop energy remains unchanged by such class of perturbation. How-
ever, using symmetry argument, one can say that the repulsive interaction will
increase and therefore, the trivial solution is stable with respect to this class of
perturbation. In other words, when the trivial configuration is perturbed in this
fashion, the perturbed loops with reach the equilibrium where the two circular
loops are parallel to each other. We will now use linear stability analysis to show
that indeed this is true. Without loss of generality, we assume that the circular
configuration C; remains unperturbed and C7 is rotated by an infinitesimal an-

gle ¢ about the unit vector i as shown in the figure In such situation, the

*
- ]

Figure D.1: Schematic of the trivial equilibrium solution and the perturbation of
the configuration C;.
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perturbations v; and v; are given as
v1=v and v, =0. (D.1)

Also, the circular loops Ci‘ and C; are parameterized as

ny=n and ny; = Rn, (D.2)
where
n(s) =ae(s) +v1—a%k, 0<s<2mna, (D.3)
s s
= - in — <s< .
e(s) (cosa>z+<sma>], 0<s<2ma, (D.4)

and R = I — 2k ® k is a reflection tensor that reflects a vector about the equatorial
plane in the opposite hemisphere. Using above parameterization of the equilib-

rium configuration and perturbations, the regularized second variation condition

(4.14) reduces to
27ta
/ (10" = |02 + Alo]? — (¢8[n, n](v,0) + x8[n, Rn](2,0)) - ) ds > 0. (D.5)
0

The function v is given as
v:<p<—\/1—a2]+a(sin2)k), (D.6)

that trivially satisfies both the constraints n-v = 0 and n' - v'. Now, we evaluate

the integrals in the second variation condition (D.5) as follows :

Bending energy terms :

mta na nia 2
/02 o2 ds = ¢2(2— a?)(a), /02 02 ds = ¢?(rta), /02 0" ds = f—z(m).
(D7)

Expressing the Lagrange multipliers A and A in terms of the integrals as defined

in (B.40), we get

2ma 3
| (=210 P+ Alof? = ¢2(a) Efwxah - 20 +15>} . (D)
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Intra-loop energy terms : Using (4.15),

?[n,n)(v,v)
= () (2©) o) )00 )
/ (|n —n(s)3 +3 n—n(3)P ( ( ))) ds. (D.9)
Therefore,

/ma@[n n|(v,v) -vds

27a 27ra s—s| (v—20(3
_/ / <|n n(

Using a change of variable § = s + 2a#, we find that

Z_) v_3(n-v(§)+n(s‘).v)n(s_)_v> ds ds.

)P n—n(3)[°

(D.10)

|n —n(3)| = 2a|siny)|, (D.11)
v(5) = 4)( —V1—a%+ a(sin Z cos 217 + cos 2 sin217> k>, and (D.12)
(v —v(3)) - v = 2a%¢?*sin® Z sin 5 — a?$? cos 21 sin Z cos Z. (D.13)

The first term on the right hand side in (D.10) simplify as

Also,

v(5) =apv1— a2< — sm + sin — ) and (D.15)
n(s)-v=ap\v1-— a2<sin5 — sinZ), (D.16)

which yields n - v(5) + n(5) - v = 0. Therefore, equation (D.10) simplifies as
2rta » ]5
/ d[n,n](v,v) -vds = ¢ (mz)i. (D.17)
0

Inter-loop interaction energy : Using (D.2) and (D.1)) in (3.33),

8[n, Ru)(v,0) = /Ozm (‘n — I:n<§)|3 +3’1(11i"§11)(5;)75 (n— Rn(s‘))) ds, (D.18)
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which using the fact that n - v = 0, yields

Ta T e VU n(3)) - v)? _
/02 ¥[n, Rn|(v,0) -vds = /02 /02 (|n G _3(|(nR—(R)n)(s')|)5 ) dsds.
(D.19)

Using (D.2), we find that

ln — Rn(5)| = 24/1—a2cos?y and v-v=¢* <1 — a2 cos® Z) (D.20)

Therefore,
2mta  p2ma 45d ) a ad Dot
5ds = —— ) 2
bk () e = (55 0 o
Also, using (D.1)) and (D.2), a straightforward calculation yields
Rn(3) -v = a*¢*(1 — a*)4cos’ < sin? 2 cos? 17 + sin? 17 cos? Z) (D.22)
Using the fact that
27ma 5'S 27ma 5 S
/ sin“ —ds = / cos” —ds = ma, (D.23)
0 0

a a

we find that

2ma  p2ma ) 3 ,
/ / |n—Rn(s |n—Rn(3)PP dsds = 4¢ (1 —a")(ra)Ke,

where

K — / cos” 1 (D.24)
0

/1 —a%cos?y

Thus, equation (D.18) simplifies as

/0 7 §ln, Rl (0,0) - o ds — ”“f’z (@-)h-3201-@)K;).  (D2)

Combining the bending energy terms in (D.8), intra-loop interaction term (D.17),

and inter-loop interaction term , we get

[P = Ao+ AJof? = (8l n](0,0) + 200, R (2,0)) ) ds =

P (2= )y~ 2% + 31— DK ) . (D26)
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We observe that the second variation only consists of terms proportional to the
inter-loop repulsion parameter x which indicates that the second variation is zero
with respect to the bending energy and the intra-loop interaction energy as we
had proposed in beginning of this appendix. Using the definition of the integrals
J1 and J5 in and K in (D.24), the integrals on the right hand side of the

above equation simplifies as

7 (2 —a?)(1 —a?cos? ) — 2a% cos? 17(1 — a® cos® 17) + 3a?(1 — a®) cos® 11
0

/1 —a%cos?y

(D.27)

Consider another integral

s
SH = /o [(2 —a?)(1 — a*cos®i7) — 2a* cos? 17(1 — a® cos® 1) + 3a*(1 — a®) cos? 17] dy

= 31(8 — 60> —a*)
>0 Vael0,1]. (D.28)

Using the fact that . is obtained by replacing {/1 — a? cos? 77 in the dominator of
kernel of .#; with unity and that %, > 0, it can be deduced that .#; > %, which

further implies that .#; > 0. Therefore, we have shown that
27ma "
/ (|0" > = A0’ |2 + Alv|? — (¢8[n, n] (v, v) + x®[n, Ru](v,0)) -v) ds > 0. (D.29)
0

Hence, the trivial configuration Ci and C; described by the parameterization

(D.2)-(D.4) are stable with respect to the perturbation given in (D.I) and (D.6).
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